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RADOVI PUBLIKOVANI U CASOPISIMA SA SCI LISTE:

1)

2)

Luka Martinovié, Zarko Zedevié, Bozo Krstajié, Output containment control in
heterogeneous multi-agent systems without exchange of controller states, European
Journal of Control, Volume 75, 2024, 100889.

DOL: https://doi.org/10.1016/j.ejcon.2023.100889

ISSN: 0947-3580

Link na rad: https://www.sciencedirect.com/science/article
Informacija o IMPACT faktoru ¢asopisa:

https:/ /www.sciencedirect.com/journal /curopean-journal-of-control

L. Martinovié, Z. Zedevié and B. Krstajic, "Distributed Observer Approach to Cooperative
Qutput Regulation of Multi-Agent Systems Without Exchange of Controller States," in
IEEE Access, vol. 11, pp. 81419-81433, 2023.

DOI: 10.1109/ACCESS.2023.3300806

ISSN: 2169-3536

Link na tad: https://ieeexplore.ieee.or,
Informacija o IMPACT faktoru Casopisa:
:/ [ieeexplore.icec.org/x

Luka Martinovié, Zatko Zedevié, Bozo Krstajié, Cooperative tracking control of single-
integrator multi-agent systems with multiplc leaders, European Journal of Control, Volume
63, 2022, Pages 232-239.

DOI: htrps:/ /dot.org/10.1016/].ejcon.2021.11.003

ISSN: 0947-3580

Link na tad: https:/ /www.sciencedirect.com/science/article/abs/pii/S0947358021001308
Informacija o IMPACT faktoru casopisa:
https:/ /www.sciencedirect.com/joutnal/

ropean-journal-of-control

RADOVI IZLOZENI NA KONFERENCIJAMA:

1)

L. Martinovié, Z. Zecevié and B. Krstajié, "Regulated Output Synchronization of Multi-
Agent Systems via Output Feedback," 2022 26th International Conference on
Information Technology (IT), Zabljak, Montenegro, 2022, pp. 1-4, doi:
10.1109/TT54280.2022.9743524.

L. Martinovié, Z. Zecevi¢ and B. Krstaji¢, "Cooperative T'racking Control of Multi-Agent
Systems with General Linear Dynamics," 2021 25th International Conference on
Information Technology (I'l), Zabljak, Montencgro, 2021, pp. 1-4, dot:
10.1109/1T51528.2021.9390134.

L. Martinovié, Z. Zeéevié and B. Krstaji¢, "Cooperative Output Regulation of Mult
Agent Systems with Single-Integrator Dynamics," 2020 28th Telecommunications Forum
(TELFOR), Belgrade, Setbia, 2020, pp. 1-4, doi: 10.1109/TELFOR51502.2020.9306565.

L. Martinovic, Z. Zedevi¢ and B. Krstajic, "Distributed Control Strategy for Multi-Agent
Systems Using Consensus Among Followers," 2020 24th International Conference on
Tnformation Technology (IT), Zabljak, Montenegto, 2020, pp. 1-4, doi:
10.1109/1148810.2020.9070617.
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ObrazloZenje mentora o korigéenju doktorske disertacije u publikovanim radovima

Doktorand MSc Luka Martinovié je svoja istrazivanja na kojima je zasnovana doktorska disertacij
objavio u vidu tri rada, koji su publikovani u renomiranim vodecim medunarodnim casopisima le
SCI/SCIE liste (Q1), &ji je kumulativni IMPACT Factor (IF) 10.7. Kandidat je na sva tri rada ptvi
autor. Dio istraZivanja je publikovan i u radovima (ukupno ceriri) koji su izloZeni na medunarodnim
IEEE konferencijama. Potrebno je istaéi i da je u toku izrade dokiorske disertacije doktorand
publikovao i druge radove koji su izvan oblast disertacije, $to se moZe vidjeti iz priloZeng
bibliografije. U nastavku je dato obrazloZenje kljuénih rezultata publikovanih u renomiranim
medunarodnim naucnim casopisima, koji predstavljaju glavne doprinose doktorske disertacije.

U nauénom tadu ,, Distributed Observer Approach to Coaperative Ouiput Regulation of Multi-Agent System:
Without Cxchange of Controller States”, koji je publikovan u casopisu IEEE Aceess sa TF-om 3.9,
prezentovani su rezultati istraZzivanja Ciji su osnovni ciljevi bili razvoj novih upravljackih protokolaf
za kooperativnu regulaciju izlaza (eng. cooperative ouiput reguiation, COR) u heterogenim)
multiagentnim sistemima, kao i razvoj odgovarajuée metodologije za sintezu parametata razvijenih
protokola, Za razliku od veéine radova u literaturi koji su fokusirani isklju¢ivo na mreze
neintrospektivaih  ili na mreZe introspektivnih agenata, u sprovedenim istrazivanjimal
neintrospektivni i introspektivni agend su tretitani u jedinstvenom teorijskom okviru koji je
utemeljen na principima He teotije upravljanja. U radu su predlozena dva originalna upravljacka
protokola — jedan za trjeavanje COR problema u mrczama introspektivnih agenata, i drugi 2
tjeSavanje COR problema u mrezama neintrospektivnih agenata. Oba protokola su zasnovana n:|
distribuitanom opserveru i zahtijevaju da agenti medusobno razmjenjuju samo mjerenja izlaza, ¢itng
se znadajno smanjuje komunikaciono opterecenije. Stavise, u scenarijima u kojima agenti mogu da
miere relativne izlaze jedni u odnosu na druge, predlozene protokole je mogude implementirati bez
uspostavljanja komunikacije izmedu agenata. U okviru sprovedenih istraZivanja razvijena je i
metodologija za sintezu parametara predlozenih protokola. U odnosu na postojeéa rjesenjal
predloZeni protokoli garantuju rjcivost COR problema za Siru klasu sistema, dok se primjenom)
predlozenog metoda za sintezu parametara postizu bolje performanse spregnutog sistema u odnosu
na postojece dw-gain metode. Konktetno, sprovedena je detaljna analiza i dokazano je da tjesivost
COR problema unaprijed moZe biti zagarantovana za: introspektivne agente sa opStom linearnom
dinamikom i neintrospektivne agente koji su stabilni u otvorenoj sprezi, a sve pod pretpostavkom|
da refetentni signali i poremeéaji nc rastu eksponencijalno. U radu su prikazani i rezultati numerickih
simulacija u kojima su verifikovani teorijski rezultati i demonstritana efikasnost predloZene
metodologije za sintezu kontrolera. Takode je izvriena komparacija sa postojecim rjesenjima iz
literature. Rezultati istraZivanja koji su publikovani u ovom radu su prezentovani u I1I 1 V glavy
disertacije.

Nauéni rad ,, Quiput containment control in heterogencons multi-agent systems withuut exchange of controller states’
publikovan je u éasopisu Enrpean Journal of Controf &iji je TF 3.4. U ovom radu su prezentovani
rezultati istraZivanija Ciji je cilj bio razvoj novog upravljackog protokola za output containment conirof
(OCC) u heterogenim multiagentnim sistemima u  prisustvu  eksternih poremecaja, pod
pretpostavkom da su samo izlazi susjednih agenata dostupni za sintezu lokalnih kontrolera, Na ovaj
nacin se postiZe smanjenje ili potpuna eliminacija komunikactje izmedu agenata, a sve u zavisnosti
od tipa senzora koji se koriste u prakti¢noj implementaciji. OCC protokol koji je predloZen koristi
distribuirani opscrver za estimaciju konveksne kombinacyje stanja lidera, dok se na nivoyl
pojedinaénog agenta koristi lokalni opscrver za estimaciju eksternih poremecaja.
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Takode, razvijen je novi metod za sintezu parametara kontrolera koji se zasniva na konceptina iz
H. tcotije i algebarskim Rikatijevim jednaéinama, i koji omogucéava adekvatno podesavanje
performansi spregnutog sistema. ‘Leorijske garancije za rjeSivost OCC problema predloZenim
brotokolom su uspostavljene u dva sluéaja: kada je dinamika pratilaca minimalno fazna i desno-
invertabiln i za egzosisteme sa polovima na imaginarnoj osi, dok pratioci mogu imati proizvoljny
linearnu dinamiku. Prezentovani rezultati numerickih simulacija potvrduju teorijske zakljucke 1
demonstriraju efikasnost predlozenog kontrolera i postupka za njegovu sintezu. Rezultati istraZivanjal
koji su publikovani u ovom radu su prezentovani u IV i V glavi disertacije.

U nauénom radu " Cooperative tracking control of single-integrator mulli-agent systems with multiple leaders”, koj
je objavljen u ¢asopisu Exrapean Journal of Control sa IF-om 3.4, predloZzen je distribuirani algoritam|
za kooperativno pracenje trajektorija u multiagentnim sistemima sa vide lidera, pri éemu je dinamik;
pratilaca opisana jednostrukim integratorom. PredloZene su dvije varijante algotitma - zj
introspeklivae i neinttospektivne agente. U drugom slucaju, pratioci postedstvom disttibuiranog
opsetvera i relativaih mjerenja vrie estimaciju sopstvenog stanja u apsolutnom koordinatnom
sisternu. U radu su izvedeni lokalni uslovi za stabilnost &ija ispunjenost garantuje da Ce greska u
pracenju referentnih trajektorija konvergirati ka auli. Takode su predloZeni odgovarajudi metodi zaf
|sintezu parametara kontrolera i opservera u cilju zadovoljenja ovih uslova. U prvoj glavi disertacije
predstavljen je problem kooperativnog pracenja trajektorija u multiagentnim sistemima, gdje je i
naveden doprinos ovog istrazivanja.

Jedan dio rezultata istraZivanja kandidata publikovan je u Cetiri rada prezentovana na medunarodnim
konferencijama koje su indcksirane u IEEE Xplore i Scopus bazama.
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Prilog dokumenta sadrZi:

Potvedu o predaji doktorske discrtacije organizacionoj jedinici

Odluku o imenovanju komisijc za pregled i ocjenu doktorske disertacije

Kopiju rada publikovanog u ¢asopisu sa odgovarajuce liste

Biografiju i bibliografiju kandidata

Biografiju i bibliografiju ¢lanova komisije za pregled 1 ocjenu doktorske disettacije sa
potvrdom o izboru u odgovarajuée akademsko zvanje i potvrdom da barem jedan clan

N e SR i e

komisije nije u radnom odnosu na Univetzitetu Crne Gore
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Na osnovu sluzbene evidencije i dokumentacije Elektrotehnickog fakulteta u
Podgorici, izdaje se

POTVRDA

MSc Luka Martinovié, student doktorskih studija na Elektrotehnickom
fakultetu u Podgorici, dana 18.03.2024. godine dostavio je ovom Fakultetu doktorsku
disertaciju pod nazivom: ,, Kooperativno upravljanje heterogenim multiagentnim
sistemima bez razmjene stanja kontrolera®, na dalje postupanje.
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Na osnovu ¢lana 64 Statuta Univerziteta Crne Gore, u vezi sa Elanom 41 Pravila doktorskih
studija, na predlog Komisije za doktorske studije, Vijeée Elektrotechni¢kog fakulteta u Podgorici, na
sjednici od 18.04.2024, godine, donijelo je

ODLUKU

Predlaze se Komisija za ocjenu doktorske disertacijc , Kooperativmho upravljanje
heterogenim multiagentnim sistemima bez razmjene stanja Kontrolera“ kandidata MSc Luke

Martinovica, u sastavu:

1. Dr Zeljko Purovié, redovni profesor Elekirotehni¢kog fakulteta Univerziteta u

Beogradu, predsjednik,
2. Dr BoZo Krstajié, redovni profesor Elektrotehni¢kog fakulteta Univerziteta Crne Gore,
mentor,
3. Dr Zarko Ze&evi¢, vanredni profesor Elektrotehni¢kog fakulteta Univerziteta Crne Gore,
¢lan.
-VIJECE ELEKTROTEHNICKOG FAKULTETA-
Dostavljeno:
- Senatu,
- Qdboru za doktorske studije,
- udosije,
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Spisak radova sa rezultatima iz doktorske disertacije:

3)

Nauéni ¢asopisi na SCI/SCIE listi:

Luka Martinovi¢, Zarko Zedevié, Bozo Krstaji¢, Output containment control in
heterogeneous multi-agent systems without exchange of controller states, Furopean
Journal ~ of  Control, Volume 75, 2024, 100889, ISSN  (947-3580,
https://doi.org/10.1016/j.ejcon.2023.100889.

L. Martinovi¢, Z. Zetevié and B. Krstajié, "Distributed Observer Approach to Cooperative
Output Regulation of Multi-Agent Systems Without Exchange of Controller States." in
IEEE Access, vol. 11, pp. 81419-81433, 2023, doi: 10.1109/ACCESS.2023.3300806.
Luka Martinovié, Zarko Zecevi¢, Bozo Krstajic, Cooperalive tracking control of single-
integrator multi-agent systems with multiple leaders, European Journal of Control, Volume
63, 2022, Pages 232-239, ISSN 0947-3580, https://doi.org/10.1016/.ejcon.2021.11.003.

Nauéne konferencije:

L. Martinovié, Z. Zecevié and B. Krstaji¢, "Regulated Output Synchronization of Multi-
Agent Systems via Output Feedback," 2022 26th International Conference on Information
Technology (IT). Zabljak, Montenegro, 2022, PP- 1-4, doi:
10.1109/1T54280.2022.9743524.

L. Martinovi¢, Z. ZeCevic¢ and B. Krstaji¢, "Cooperative Tracking Control of Multi-Agent
Systems with General Linear Dynamics," 2021 25th Intcrnational Conference on
Information  Technology (IT), Zabljak, Montencgro, 2021, pp. 1-4, doi:
10.1109/1T51528.2021.9390134,

L. Martinovi¢, Z. Ze¢evi¢ and B. Krstaji¢, "Cooperative Output Regulation of Multi-Agent
Systems with Single-Integrator Dynamics," 2020 28th Telecommunications Forum
(TELFOR), Belgrade, Serbia, 2020, pp. 1-4, doi: 10.1109/TELFORS51502.2020.9306565.
L. Martinovié, Z. Zecevié¢ and B. Krstaji¢, "Distributed Control Strategy for Multi-Agent
Systems Using Consensus Among Followers," 2020 24th International Conference on
Information Technology (IT), Zabljak. Montenegro, 2020, pp. 1-4, doi:
10.1109/1T48810.2020.9070617.
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In this paper, we propose an observer-based distributed protocol for solving the autput containment
problem in linear heterogeneous multi-agent systems under the external disturhances. The distinct fea-
ture of the proposed protocol is that it does not require exchange of the internal controller states, which
significantly reduces or completely eliminawes communication burden. A sufficient local stability condi-

tion is derived and a novel controller design procedure is proposed based on toels from H., theory and

Recommended by Prof. T Parisini

Keywaords;

Containment control

Helerogeneous multi-agent systems (MASs)
Output containment

H Static output feedback

algebraic Riccati equations. An exrensive solvability analysis of the output containment control problem
under the propased protocol is carried out and theoretical guarantees far the existence of a solution for a
wide class ol agents’ dynamics and graph topelogies are established. Numerical simulations that deman-
strate the effectiveness of the proposed prolocol are performed.

© 2023 Furopean Control Association, Published by Elsevier Ltd. All rights reserved.

1. Introduction

During the past two decades, there has been a tremendous
surge of interest in the area of cooperative control of multi-agent
systems (MASs] due to its broad applications in multi-robot sys-
tems, sensor networks, smart grids, and so forth [2,24,30,44].

The problem of achieving consensus has particularly stood out
as a fundamental problem in cooperative control. Consensus prob-
lems can he divided into two classes, depending on whether there
is a leader present in the network. In the leaderless consensus,
the goal for the agents is to reach an agreement regarding a cer-
tain quantity of interest that depends on the statefoutput of all
agents | 14,28 29], On the other hand, in leader-following consen-
sus, the goal is to synchronize the follower agents to a trajectory
generated by the leader. Typically, a distributed abserver is de-
signed (o estimate the leader's states, and then these estimated
states are utilized in the control law of each follower [20]. Re-
cent research efforts have focused on developing distributed oh-
servers with specific features such as finite-time convergence [36],
resilience to DoS attacks [46], and the ability to handle commu-
nication delays [11] or actuator faults [4]. Furthermore, there has
been an increased interest in studying cansensus over signed net-
works, which provide a framewaork for modeling bath caoperative
and antagoenistic interactions between agents |22 26].

= Corresponding author.
E-mail adidresses: lulam@urgacme (L Martinovif), zarke
(2. Zetavit), bozok@ucgac.me (B, Krstajic).

hitps: fidolorg 10,1016/ .cicon. 2023100889

When multiple leaders are present, often the main abjective is
to drive the statesfoutputs of each follower into the convex hull
spanned by the leaders’ trajectorics. In the literature, this prob-
lem is known as the containment control problem. The contain-
ment control problem has garnered significant interest fraom re-
searchers due to its immense potential for practical applications. A
classic example is that of vehicles moving through envircnments
that contain hazardous areas, with only lcaders being equipped
with sensors for detecting those areas. The goal of the leaders is
to generate proper trajectories in order lo steer all agents away
from these areas [1]|. Many results on the state containment control
of homogeneous linear networks have been reported in the recent
years [8.23.4042]. A fully distributed protocol for solving the con-
tainment control problem in homogeneous linear MASs subject to
DoS attacks was proposed in [23]. The state containment for MASs
subject to known exogenous disturbances is considered in [5.42],
while agents with unknown dynamics are recently investigated in
140).

In the case of heterogeneous MASs with general linear dynam-
ics, it is often required that followers' outputs are contained within
a convex hull furmed by the leaders’ outputs, since the internal
states of the agents may not be directly comparable. In [45], the
output containment problem has heen solved by a distributed
internal model-based protocol, while the approaches presented
in [3,712] are based on a distributed observer. An adaptive dis-
tributed observer for solving the optimal output containment
problem when leader’s model is not known to all followers is in-
traduced in [25]. Other results include event-triggered controllers
[32], reinforcement learning-bascd controllers |37, attack-resilient

0947-3580/© 2023 European Control Association. Published by Elscvier Ltd. All rights reserved.
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controllers [31], etc. In contrast to the containment control in
homogeneous networks, there have been only a few publications
dealing with the exogenous disturbances acting on the heteroge-
neous [ollowers. A protacol that addresses the output containment
in heterogeneous MASs subject to unknown cxternal disturbances
with optimized ¥, disturbance attenuation level has been pro-
posed in [29]. On the other hand, in [15,16] the authors designed
a distributed observer for rejection of the known disturbances
using an oulput regulation framework. However, the disturbance
frequencies are assumed to be the same as those of a reference
signal.

In cooperative cantrol protocols [3,4.7.11.12,15.16,20,31,36,37,39|,
the internal controller states are transmitted belween agents via
the communication network and used as input for the distributed
observer. Some protocols, such as thase in [2532,46], require the
additional exchange of output measurements. Significant research
efforts have been devoted to developing consensus and contain-
ment protocols that rely solely on the exchange of output mea-
surements. The advantages of such types of protocols are at least
twofold. Firstly, since the outputs are typically of lower dimensions
compared to the controller states, they can greatly reduce the com-
munication burden [18,19]. Secandly, in scenarios where agents can
measure the relative output information of their neighbors, these
protocals can be implemented without the need for establishing a
communication network, making them resilient to networlk attacks
[2143]. However, in this communication-limited setting, where
agents lack information about their neighboring agents’ controller
states, the design of distributed observers becomes particularly
challenging. In [b], the output consensus preblem without the
exchange of controller states has been addressed for networks of
identical minimum-phase agents, while networks of non-identical
agents with right-invertible dynamics are investigated in [41].
The tracking problem in homogeneous MASs with general linear
dynamics is resolved in [21.43]. where the authors introduce a
local observer that estimates synchronization error. In [18,19], a
low-gain lechnique has been developed hased on the small gain
condition, aimed at designing a distributed ohserver for heteroge-
neous MASs with general linear dynamics. Hawever, this method
does nol guarantee the solvability of the consensus problem in the
presence of external disturbances, thereby limifing its practicality.
Furthermore, in [24] the containment control prablem is addressed
for homogeneous MASs without requiring agents to share their
internal controller states. To the best of the author's knowledge,
such types of observer-based containment protocols are currently
lacking for heterogeneous MASs.

Motivated by the aforementioned discussion, in this paper we
propose a novel distributed obscrver-based protocol that solves
output containment problem in linear heterogencous MASs. The
proposed protocol does not require exchange of the internal con-
troller states and is capable of rejecting exogenous disturbances.
The external disturbances are estimaled by the means of a local
observer and compensated in the control input. The interaction
topology is directed, and the only requirement is that there exists
a directed path from at least one leader to each follower in the
netwaorlc.

The contributions of this paper can be summarized as follows:

1. In contrast to the observer-based consen-
sus [4,11,20,36,46] and containment protocols
[3.712,15,16,25,31,32,37,3Y], the protocol proposed in this pa-
per does not require agents to share the internal controller
states with each other. Instead, only output information is
transmitted between the agents, thus reducing the com-
munication burden. Moreover, if the followers are able Lo
measure relative information of the neighboring agents,
then the proposed protocol is attack-free [21],
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2. Unlike the protocols [3,7.25,31,32,37.39, the proposed pro-
tocol solves the output containment problem in the pres-
ence of global disturbances. Since the presence of such dis-
turbances is unavoidable in practical scenarios, this makes
the proposed protocol paper more applicable. On the other
hand, compared to [15,16], the approach taken in this paper
is more general, since the global disturbances and the ref-
erence signal considered in this paper are generated by the
separate exosystems.

3. A novel method for caleulating the controller parameters,
which is based on tools from #.. theory and algebraic Ric-
cati equation (ARE) methods, is developed. Compared to
the low-gain method [18.19], the proposed approach offers
grearer flexibility in designing the controller parameters, al-
lowing for better tuning of the system performance. Fur-
thermore, thearetical guarantees for the cxistence of such
controller are established in two cases: a) when agents are
minimum-phase and right-invertible, and b) when the poles
of the exosystem are on the imaginary axis, while agents
may have arbitrary linear dynamics.

4. In comparison to the protocol [34] propused for hamao-
geneous agents, in this paper the agents are allowed ta
be heterogeneous with general linear dynamics. Further-
more, the proposed methodology can also be utilized to ad-
dress the leader-following consensus problem without re-
quiring agents to share their internal controller states, given
that this problem represents a special case of contain-
ment control. Moreover, compared to the consensus proto-
cals [6,18.19,21,41.42|, which alsa rely solely an the exchange
of output measurements, our approach can accommodate a
broader range of agents’ dynamics.

The paper is organized in the [ollowing way. Preliminaries on
graph theory and statement of the output containment control ab-
jective are given in Section 2. A novel output cantainment contral
protocol is proposed in Section 3, where the explicit conditions for
solving the considered problem are given. Moreaver, a design pro-
cedure for determining the controller parameters is presented. The
theoretical guarantees for the existence of a solution are derived
in Section 4. Section 5 contains numerical simulations which ver-
ify the obtained results, Finally, in Section 6 we give concluding
remarks.

Notation: A(A) represents the spectrum, while p(A) is the spec-
rral radius of the square matrix A, [, e B"<" is the identity ma-
trix, 1, =" is a vector with all entries of one and Op e B" is a
vector of all zeroes. If there is no confusion about the dimension,
the subscript will be dropped. Kronecker product is denoted by .
The operator diag{} builds a (block) diagonal matrix from its ar-
guments. The standard %, norm is denoted as | - || ... For a sym-
metric matrix P, we write P > 0 (P < 0) if it is positive (negalive)
definite.

2. Preliminaries
2.1. Graph theory

Consider a group of N+ M interconnected agents, whose in-
teraction topology is represented by a directed graph (digraph)
Gg=(V.£.A). We index the agents such that the agents F -
{1.2,....N}are the followers and L = {N + 1, N+ 2. ..., N+ M) are
the leaders. The set of nodes is defined as v = {v;, ;. ..., Unim)s
while the set of edges is denoted as £ ¢ V » .. The digraph is
time-invariant and can be described hy the carresponding adja-
cency matrix A — [a;;] € RINIMNEM ywhere g > 00 (v, 1) € £,
otherwise a;; — 0. We assume that the digraph is simple, i.e. there
are no repeated cdges or self loops (g; = 0. Vi). An edge fram § to
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i, denoted by (v;. 1) & & means that the node v, receives the infor-
mation from the node v;, j # i. In this situation, node v; is called a
neighbor of node v;. The set of neighhors of node v, is denoted as
Ni = {jl(vj. ;) € £). The Laplacian matrix £ = [I;;] & BIN-M)x(NiM)
is then defined as lj; = ¥ M ay, for j=i and I —a;; for j#1i.
We assume Lhat the leaders da not receive any information from
the followers, which leads to the partition of Laplacian matrix

X
L= - °
{GM\N OMXM}

where £1 = BV*N and £, ¢ BNAM,

A sequence of the successive edges
{(v v (v, ... (vgovp)} is called a directed path from node i
to j. A directed path whose first and last node are the same, ie.
U; — v;, is called a cycle. The digraph which contains no cycles is
called acyclic. A digraph ¢ is said to contain a directed spanning
tree if there exists at least one node having a directed path to any
of the other nodes, while it is said to have u united spanning mee
if for each follower i = ¥, there exists at least one leader k e L that
has a directed path to it

Without loss of generality, it will be assumed that the adja-
cency and Laplacian matrices of the digraph are normalized. That
is, for i € F we have ;- a;; = 1.

Lemma 1 [i]. If ¢ has u united spanning rree, then the matrix
—£712; is non negative and —£;' £51y = 1y,

Lemma 2. The inequality p(l—Lq) < 1 holds if and only if the di-
graph G contains ¢ united spanning tree.

Proof. Introduce the new Laplacian matrix

s_| L Lalm

i Ii{]hn,- 2 |

The digraph associated with £ has a directed spanning tree with
the leader as the root if and only if ¢ has a united spanning

tree [1]. The non negativity of matrix A; =/ — £¢ allows Perron-
Frobenius theorem to be applied, which implies that ﬂ(.;L] is its

cigenvalue. Since = ﬁ]‘ _‘r"'lﬂ"”] it is clear that it contains

an eigenvalue 1 in addition (v cigenvalues of .4;. The matrix A is
row-stachastic, thus according to Huang and Ye [10] it has a sim-
ple eigenvalue p(A) -~ 1 if and only if the digraph § contains a
directed spanning tree with the leader as a roat. Thus, it can be
concluded that p(A;) = 1, which completes the proaf.

2.2, Multi-agent systems dynamics

The followers are assumed (o be heterogeneous and have the
general linear dynamics
Xi=Awx; + By +Ed

JI= Ci"‘i =+ Qd
where x; = B™, u; e B™, y; = BF are the state, input and output of

the ith follower, respectively. The disturbance is generated by an
autonomous exosystem modeled as

d=Dd, (2)
where d = &Y. The leaders have identical models and rhe dynamics
of the kth leader is given by
& = St
Yk =R{,
where &, = &, y, = &P

.ieF, (1)

. kel, (3)

Remark 1. The presence of external disturbances is inevitable in
practical multi-agent systems. An example would be a networl of
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moving UAVs affected by strong winds whose dynamics can be
described by an exosystem. In fact, several authors have adopted
the disturbance model as (2) [15,16]. It should be noted, that in
our approach the disturbances are estimated at the local level, and
therefore different disturbance matrices D; can he adopted for each
agent [33]. For example, the matrix D; can incorporate frequencies
that are characreristic of both the global and local environment. [t
Is impaortant to highlight that the controller design procedure re
mains unchanged, regardless of whether the matrix D or individual
matrices D, are adopted.

The following assumptions are made on the network topology
and agents' dynamics,

Assumption 1. The digraph ¢ contains a united spanning tree.

Assumption 2. The matrix 5 has no strictly stable poles, ie. A(S) e

Hssump_tion 3. The matrix D has no strictly stable poles, ie.
AMD) e T,

Assumption 4. The pairs (A;, B;) are stabilizable for all i « F.

Assumption 5. The pairs ([Cl- Q,-], I:?; E‘]) ieF, and (R.S)

are detectable.

Assumption 6. The linear matrix equations

155 = AT1Y + BIY
i " i Thil; (4a)

0=C_.—l'[|? -R

MéD =AIT¢ + BiTY + E
i d‘ i i (4b)

0=GN¢ 10

have a unique solution pairs (I, 1) and ([14.T7) for i c ¥, re-

spectively.

Remark 2. The assumptions made in this paper are common in
the literature of the output containment control. Assumption | is
necessary for solving the containment problem in a distributed
way. Assumptions 2 and 3 are made to avoeid trivial case of strictly
stable 5 and D, since the eigenvalues with negative real parts ex-
ponentially decay (o zero and do not affect the asymptotic be-
havior of the closed-loop system. Mareaver, if the output contain
ment control problem is solved for a linear multi-agent system
under Assumptions 2 and 3, then it is alsa solved when the as-
sumptions are violated, as stated in [45]. Assumptions 4 and 5 are
standard necessary stabilizability and detectability assumptions. It
should be noted that when @, = 0, Assumpuion 5 reduces to the
detectahility of (G.A;) and (E;. ;) [5]. Assumplion 6 involves reg-
ularor equations derived from classical control theory. It should
be noted that these equations can generally be solved when the
number of inputs is equal to or greater than the number of out-
puts, with numerous practical models satisfying this assumption
[4,5,12,20,34,38].

2.3. Qutput containment control obhjective

The distance from x € E" to the set & = E" in the sense of Fu-
clidean norm is denoted as dist(x. ), i.e.

dist(x.C) = Iir}{{ llx —yll2. (5)

Definition 1. A set C = B" is convex if (1—A)x+ Ay eC for any
x,yeC and any A e [0, 1]. The convex hull Co(X) of a finite set of
points X = {x;.x,.....%} is the minimal convex set containing all
points in X, ie. Co(X) — (37 axilx; e Xoo e Rog. 37 o =1L

Py
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Definition 2. (Qutput Containment Control Objective) Consider the
followers' dynamics (1) and the leaders’ dynamics (3) on a fixed
directed communication graph ¢. The output containment control
objective is Lo design a distributed control protocol such that for all
initial states the overall closed-loop system is globally stable and
the outputs of all followers converge to the convex hull spanned
by the outputs of the dynamic leaders, that is

lim dist(y;(¢), Co(y(t). k= 1)) = 0, i e F.

Define the local neighborhood output containment error of the
ith follower as
N+M
a=3 ay(yi-y;). ieF (6)
J=1
Then, the global output containment errar can he written as

e=(L1@h)yr+ (L2 21 (7
where e=[e]. e, ...el]". y, = Wi Yz oo Y5 I and yp =
Byl

Consider the heterogeneous MAS (1), (3] subject to the distur-
bance (2). Then, we have the following lemma.

Lemma 3. Suppose that Assumption 1 holds. Then, the output con-
tainment control ohjective is achieved if lim, .. e(t) = 0.

Proof. Let e = 0. Then, under Assumption 1 we get
ye=—(L;10® f,,)}’:,-

where the property of Kronecker product (A@B)(C 5 D) = (AC) ®
(BD) was utilized. By the means of Lemmma 1, we conclude that the
term —{13,_‘1!.‘; & Ip)yy is a column vector of the stacked followers'
outputs y;. ie ¥, where each y; is in the convex hull generated by

the leaders’ outputs. [
3. Main results

In this section, we propose a novel observer-based protocol tor
solving the output containment control problem that does not re-
quire an exchange of the controller states. The controller of each
agent consists of: 1) the local obscrver for estimating the distur-
bance and states of the agent, 2) the distributed observer for esti-
mating the canvex combination of the leaders’ states. The proposed
protocel takes the following form:

| RER FIRE S R )

E, =S5+ g
up = KX+ Kidy + K 6, (8)

where £ = B, ﬂTf e®d and & c B represent the estimates of the
agents states, disturbance generaring exosystem states and con
vex combination of leaders states, respectively. The controller gains
K*, K9 K and the observer gains LY, L% L’ are the parameters
of the appropriate dimension that need to be designed. The virtual
error signal is defined as

e =e —y: +RE,. (9)

Kemark 3. It should be noted that the existing observer-based out-
put containment protocols [3,712,15,16,25,31,32,37.29] require an
exchange of the internal controller states between the neighbour-
ing nodes. The salient feature of the protocol (8] is that it only
requires exchange of the output measurements, which are typi-
cally of a lower dimension than the controller states, thus reduc-
ing communication burden. Furthermore, in scenarios where the
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relative information of neighboring agents is measurable, the pro-
posed protacol can be implemented without establishing commu-
nication among agents. In this setting, the protocol is inherently
secure and immune (o attacks [21,43], For instance, in multi-robot
systems, cameras can be utilized to obtain the relative positions of
the robots with respect (v each other [18]. However, if ith agent
can only measure y;, the output measurement needs to he trans-
mitted to neighboring agents through the communication networlc.
In such cases, additional protection mechanisms, such as the one
described in [22|, must be employed to prevent potential attacks.
Compared to [3,7.25,31,32,37,39|, another favorable property of the
proposed protacol lies in its ability to handle external disturbances.
Furthermore, the proposed protocol is more general than those in
[15.16], where it is assumed that the disturbance and reference sig-
nals are generated by the same exosystem.

The closed-loop dynamics for each agent in the net-
work can be obtained by substituting (8) into (1). Introduce
x= [}{{.x{ ..... x}]]r‘, d=1yed ¢ :[gj\’m.g‘,"i'w..;..Zig,.M]‘.‘.Rz
(K. & &I d=(d.d}. .. diI" and ¢=[ET.E. . &V
Define x = [x", &7, d". £T|". Then, the closed-loop dynamics can
be written in a glahal form as

Xe = Ax. +Bld B¢

: (10)
e=Cx-+Did+ Dt
with the closed-loop matrices being equal to
[ A B BK? BK¢
e I*C A+ BK* —1*C  E4+BK?-[*Q BK¢
S HC —LiC b-1 0
L (£, - DC 0 0 S+L°R
" E 0
*Q 0
Bl = 14q B = 0
| LE(4 = hQ L5 Lo (Iy @ R)
C=[£C 0 0 0] Di=20Q Di =2k oR).

where £y =21 @1, =085 S=ly@S. D=Iyel. R=-Iy&
R. Note that we have adopted the notation @© = diag{®,}, where
@ (ABCE QKKK po1d 18 i 11¢y,

3.1. Qutput confuinment control

In this subsection, it will be shown that under Assumprions 1-3
and 6, there exists a solution to the outpul containment problem
and that achieving the output containment objeclive is equivalent
to ensuring that A- is a Hurwitz stable matrix. The problem of se-
lecting the controller gains such that A; is Hurwitz will be the sub-
ject of the remaining subsections.

Lemma 4. Lel A; be u Hurwitz stable marrix. If rhere exist matrices
X9 and X such that the following equarions hold

X4D = A.Xd + B n_—
0 =CX%+ DI S
XE (I ®5) = AXY + B (11h)

0=Cxt=D;
then for any d(t) and C(t) it follows that lime . e(t) = 0.

Proof. Introduce % = x. — X?d — X¢ ¢. Substituting % into (10) gives

E=AR+ AXT+B - X4y eD))d
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+ (A;xf + B = X¥(ly @51);
e = CX+ (CX! + D)d + (CX* +Di)e.
If (11) holds, then we have
X=AX ;
Ic =CR e

and since A- is Hurwitz, £ — 0 as t — ~. which further implies
lim—ce(t)=0. O

Remark 4. The existence of a solution pair (X9, X%) to (117 is a
necessary but not a sufficient condition for achieving the output
containment objective, as it can be deduced from Lemma 3. In or-
der to solve the output containment problem, Assumprion | must
also hold [Thearem 3.1, [1]].

Fraom now on let the following relations hald
If =K +Kf, Tf =KTI¢ + K9, ieF, (13)
where II'IF. l"f} and (1%, 1'?) are the solution pairs of (4).
Theorem 1. Let A. be Hurwitz stable matrix and suppose that
Assiimptions -3 and 6 hold. Then, the output containment control
objective is achieved by MAS (1)-(3) under protocol (8).
Proof. With Lemima 4 in mind, under Assumptian 1, it is sufficient

to show that a solution pair (X%, X%) to (11) exists, Taking into ac-
count (13), regulator Eq. (4) can be rewritten in the global form as

M40 = (A + BK*)I1¢ —BK? + E
- (14a)
-Q=CIT
155 = (A + BK*)[1¢ + BK¢
p / (1
lR =CIT S

Since Ac is Hurwitz, the Sylvester Eq. (11) have a unigue solu-
tion pair (X%.X%) due to Assumptions 2 and 3. The solution pair is
given by

ot T (e @)
B |0 | | WL Ol (15)
0 -(i' 2 e 1)

where (17, 1) are the solutions of (14), whose existence is en-
sured by Assumption 6. This can be easily checked by substituting
(15) into (11}, with taking into account (14). Note thar the equali-
ties (y ®S)(L7'C2@0) = (L7 L2 ®S) = (£, L, ® 1)y B S) and
similarly ”N & R)(.C] "lﬁg & Ip,) Ly _lﬁz @fp)”M @ R) have been
utilized. L

Remark 5. Since xc — X9d+X¢¢ as t — oo, from (15) it can he
concluded that .f — —(131‘]1'1; & Ip)¢. Therefore, the distributed ob-
server with the state f, can he regarded as an estimator of the
convex combination of the leaders' states, as previously stated. The
convex combination is entirely determined by the network topol-
ogy. Furthermore, the states of the local ohservers, ie. & and r.'fI
asymptotically converge to the true values of x; and d, respectively.
Finally, the value of the follower's states in steady-state is derer-
mined by both network topology and solutions to the regulator
Eq. (4).
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3.2, Stability unalysis
This subsection is concerned with deriving local stahility condi-

tions which. when satisfied for each agent, guarantee the stability
of matrix Ac.

Define

A Bl L (2]
”_L] ﬁ} b :[L“] (Jz-[c QJ‘ (16)
, A~ BK* BK¢ P
AZ[L‘?(C[—I)C g4 L.fﬁ]' (17)

Lemma 5. The closed-loop matrix A, is Hurwitz stable if and only if
matrices H + [*'G and A are Hurwitz stable.

Proof. Consider matrix Ac, ubtained by the similarity transforma-
tion A, = T-'A.T, where

I 0 0 0

i T @
6= 0 0o I 0

0 4 o J
By applying the transformarion we get

[ A+ BK* BK* BK? BK¢
£ 0 A-I'C E-I*Q 0

2 0 -%c  D-1Q 0
| L5 (4 - 1)C 0 0 S+LR

Rearrangement of the state coordinates leads to the similar matrix

* Al

[ xd
o H+ 4G ﬂ}

which by separation principle is Hurwitz stable if A and H + /G
are Hurwitz stable, O

In the following, we analyze stabilization properties of H + 196G
and A. Let

H; = {’g‘ ED] G=-[G @] 1= [H

for i < F. It is clear that stability of If;+1X!G;, Vi, implies sta-
bility of H + [*G, Since by Assumption 5, the pairs (G;. H;) are
detectable, the corresponding I,Ii’-" exist such that matrices H, +
LG, i<F, are Hurwitz stable.

Ensuring the stability of matrix A is a more complex task and
requires some additional analysis. First, we introduce a virtual sys-
tem

s |A+BK*  BK® 0
A,-:[ B S_LE::R}.R,-=[L5],C‘,-=[C, 0],

with the corresponding transfer function
Ti(s) = (sl — A)'B..

Then, the following theorem gives sufficient conditions for ensur-
ing the stability of matrix A.

Theorem 2. For the matrix A to be stable, it is sufficient that the
following conditions hold:

1Tl < ¥*. i€F. (18)
where 3% -

|
P-Iq7"

Proof. Matrix A can he rewritten as A = A + B(7; — NC, where

. [A+4BK BIC* o (B 2 e
/’._[ 0 S‘+L~'R]3_[L¢]‘L'[( 0].
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Assume that A is a Hurwitz stable matrix. The matrix determinant
lemma gives

det(si — A) = det(sl — A) det (I— (sl —A) 18(F, —J’lf‘)
= det(s! ﬁ}det(l—l!—f,ﬂf(s!—ﬁ] ié).

Matrix A is Hurwitz stable if det(sf —A) # 0, ¥s = &', which holds
if

sup (1 - £0C(sT - A) ') < 1.

Since C(sI—A)~'E — diag{T:(s)}, which can be shown by re-

arranging the coordinates of the overall system, the equality
=i s 1 ; o

pU=LCsI =AY B) = p((1- £))diag(Ti(s)}) follows. Further-

more, according to the block-norm matrix inequality [Lemma 7,
[10]] and [Lemma 8, | 10]], respectively, we get

(= Ly)diag{Ti(s)}) = p(|I - £;|diag( /%] .})
= m’lf—&l)mi:uclllﬁ!lx <1

Note that o(|l — £,]) = p(I - £1) = 1/p~ Multiplying both sides of
the last inequality by ¥~ leads to the stability condition (18).

Remark 6. In the case of the followers with identical dynamics,
starting from the stability condition [18), it is possible to derive
distinct stability condition for each agent, which depends on the
specific eigenvalue of the matrix (I — £;) [14]. However, in practi-
cal situations, it is often more realistic to have knowledge of only
p{I = £y), rather than all eigenvalues, In scenarios where both fol-
lowers and leaders have identical dynamics, there is no need for
additional distributed observers to estimate the convex estimation
of the leader’s states. In such cases, simpler protocols, like the one
proposed in [34], can be employed. [t should be noted that our re-
sult can be applied ta systems that are input-output linearizable,
such as Euler-Lagrange systems and nonholonomic mobile robots
[4,712,20,34,37].

3.3. Design procedure

In this subsection, we propose a method for determining the
contraller gains such that matrix Ac is Hurwitz stable.

It is a well known fact from #.. control theory that in general
the condition (18) cannot be satisfied for an arbitrarily small 3 =
y*, where ¥ = 0 is a desired upper hound for ||T;||... Therefore,
prior to discussing the design procedure, we introduce Lemma 6 in
which we establish a lower bound for [|Tj||-.. Any desired y; that is
smaller than the lower bound would result in a problem that does
not have a solution.

Lemmuna 6. Suppose that transfer funcrion Ti(s) is stable. Then ||T||~
is fimte and

ITill« =1, icF. (19)

Proof. Introduce the similarity transformation 4; = MAM, . B; =
MB,, ¢~ (M, where

_[1 =
i

This leads to the system in a state-space form, given by

e
A= [A+BK -TILR]
0 S+L'R

g,-z[ nfo},cﬁ-:[c.- R] (20)
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Suppose that ||T||.. = 1. Then, according to the small-gain theo-
rem, the unity negative output teedback stabilizes the system (20).
The resulting state matrix is then

o % oyt
A —BE = A+ BiK J nmLrg o .
=[G S
which is unstable. Hence, (19) must hold. O

The structure of matrix A, (and 4;) allows the separation prin-
ciple to be applied. Since it is challenging to determine K and Lf
simultaneously such that the condition (18) is satisfied, this will
he done in two steps. In the first step, I, is determined such that

S+ I.fR is Hurwitz stahle, while in the second step K is found such
that (18) holds.

Remark 7. Assumption 5 guarantees the existence of L: such that
S+ !.I.-(R is Hurwitz. Standard pole placement techniques can then

be utilized for finding an appropriate I.f. However, an arbitrary
pole placement may cause difficulties afterwards in ensuring sta-
bility of A, since the value of ||T;||.. depends on the choice of Lf.
Therefare, in the following we introduce an ARE methad for deter-
mining L’: which subsequently provides more flexibility for finding
the remaining gains such that (18) holds,

The transfer function T(s) = (sl —A,)~'B; can be rewritten as

Ti(s) = ~Gi(sl — (A + BKY) 'TI{L
(1 Gl ni) M o) o

where T(s) = R(sl — (S+ LYR))~'L. We present the following two
lemmas concerning T;(s) and consequently T,(s).

Lemma 7. Consider a system T,(s), which admits the state-space re-
alization

& = (S+LIRE + 1Ly,

n; = R&;, (22)
and suppose that Assumptions 2 and 5 hold. Then, for any y =1
there exists a gain L: such that | T||~ < %. The zain matrix Lf can
he obtained as I.f = —PR', where F; - 0 is a solution of the follawing
ARE
BST + 5P+ (772 = 1)BR'RE, + &1 = 0, (23)
where & > 0.

Proaf. According to the bounded real lemma |34, S+LfR 1s Hur-
witz stahle and ||T||.. < j, if there exists a 2 = 0 such that

BE+LRT + (S+LERE ~ 57218 +BRRA < 0.

Let Lf — —FR', which reduces the previous inequality to

BST =SB + (%2 = DPR'RE < 0. (24)

Since S has eigenvalues with non negative real parts, there does
not exist % > 0 that satisfles the inequality (24) whenever };.‘_—2 -
1 =0, thus ¥ > | must hold.

The inequality (24) is satisfied for a P > 0 that is a solution of
the ARE (23]. The existence of such B is ensured by the detectabil-
ity of (R,5) [13]. ™

Note that Lf = —PBR" is not a unique suhstitution for the gain Lf
in terms of B. However, the choice leads to the minimum possible
norm of T;(s). The value of the norm is established in the follow-

ing.
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Lemuna 8. For a system T{s; with a state-space realization given by
(22), the inequality |T; ||« = 1 halds.

Proof. Under the feedhack controller v, — —p;, the closed-laap ma-
trix of (22 is equal to S, which is an anti-Hurwitz stable as stated
in_ Assumption 2. Therefore, according to the small-gain theorem,
ITll~ = 1 must hold.

Remark 8. lemmas 7 and 8 imply that there always exists a gain

matrix L“ such that || Tl = [1.7), where # = 1 can he chosen ar-
bitrarily clme to 1.

Remark 9. Suppose that § is chosen as 7% — 1+ A;, where A; > 0
is a small constant. Then, [|T|||.. — 1 is guaranteed. Furthermare,
it is a well known fact that the solution F; of the ARE (23) is mona-
tone non-decreasing with respect to & [35]. Therefore, by decreas-
ing &, f.l will also decrease, leading to a smaller ||Tj|~., as it can
be seen from (21}, thus giving more flexibility for choosing K¥ af-
terwards,

The next step is to find an appropriate K* such that T(s) is sta-
ble and that the condition [ 18] is satuﬁcd In order to approach
this problem, rewrite 4; as A —A+B K*‘L where

; Br{ | = |B] &
A= I:D' S+L5R]' B = [d} G=[1 -nf]

The transfer function is then equal to Ti(s) = st —A; —
HK‘() 'B. The task of finding KY such that (18) holds can
be viewed as an M~ Static Output Feadback (SOF) problem, and
there are many approaches in the literature for tackling this
problem. We will take the advantage of the iterative LMI (ILMI)
approach (9], denoted here as Algorithm 1, which we present for
the sake of completeness.

Note that due to Assumption 4, structure of the matrix A; and
Hurwitzness of S+LfR. the triplet (4. B.C) is output feedback
stabilizahle. That is, there exists K such that A+ B; Kxf:' is Hurwitz
stahle. From this follows that the pair m B) is stabilizable, since
the gain KXC; stahilizes it, and similarly (G.A;) is detectable, with
the stabilizing gain E,R’,.". This is important since Algorithm 1 re-
quires stabilizability of the pair (4;, B,) and detectability of (C.. 4,).
After finding appropriate gain K¥, remaining gains K” and k’c can
be obtained from (13).

Final step in the design pracedure is to find L-If’d such that
H; + L'[.“iG,-. 1 e I, are Hurwitz. For this, we will use the ARE method
described in [17]. The gain [} is found as 1}4 = - RG], where B = 0
is a unique solution of ARE
Hl + BH! = BGIGP + €1 =0, (25)
for an ¢ > 0. Calculating the gain L;“‘ for every follower in this way
guarantees the stability of H + [*G.

Finally, for the sake of clarity, we concisely present the de-
sign pracedure for determining the controller gains in Algorithm 2,
which should be repeated for each fallower.

4. Solvability analysis

This section is concerned with establishing theoretical guaran-
tees for an existence of a solution in the form of the controller
(8) to the output containment control problem of MAS (1)-(3), The
analysis takes place from three different viewpoints: leaders' dy-
namics, followers’ dynamics and graph topology.

4.1. Leaders' dynamics

In the following, it will be shown that a solution to the
output containment problem always exists when we substitute
Assumption 2 with Assumption 7.
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Algorithm 1 %, SOF procedure [9].

1: Set Py =/ and Qg =1.
2: Solve the following optimization problem for 7 @, V.14

- min  trace(PQy + OFp). 5.t constraints
PA +AlP+ WG eI pB €T

Blp %l 0 ) =0

0o -—]-'rJ"

_B: -nl o
e 0 -1l

Pl
£ e

3: Check the following conditions:

(ﬁ,ﬂ_‘ | QAT+ B)s +VIET B o ]
< (1

1L if trace(PQ) — m; < &y, a prescribed tolerance, go (o Step 4

2. if trace(PQ) - trace(PyQy) < 45, a prescribed tolerance, a solu-
tion may not exist, EXIT

3. otherwise, set Py = P, Oy = @ and go to Step 2,

4: Set P = P. Solve the following optimization problem for K* with given
min ¢, s.t.constraint
I/
ET_P | 0 =0,
G i) wl
where ® = PA; + ATP | PEKIC, 4 CTKTETP — P,
50 if @ = 0, the stabilizing gain K" is found, EXIT,

6: Solve the following optimization problem for 7 with given K
min @. st constraint from Step 4.

7: if @ <0, the stabilizing gain K is found, EXIT.
8: Solve the following optimization problem for 7 with given K and o
mintrace(?). st constraint from Step 4.
9. Check the following conditions:
1. |f Ir :Erollfllrll = 6, a prescribed tolerance, the solution may not

2 otherwlse 2u tu Step 4

Algarithm 2 Controller Design Algorithm.

1: Initialize: 1 = ¥ = p*,
2: Salve

SR+BST L (7~

>, e>0and € > 0.

2_1)BR'RE | &l =0,

for £ > 0. Compute I = —PR",

3: Compute ¢ by Subalgorithm 1 for 34 < p*. Then, K/ =17} — &'[1¥ and
K =18 KT, where (115, 1'7). (1. T'¢) are the solutions to the reg-
ulator equations [4),

4: If Sub&lgorl(hn 1 does net return the stabilizing solution, return to Step
1, decrease € and increase 3. If Subalgorithm 1 returns the stablllz.mg
solution, but performance is not satisfactory, return to Step 1 and in-
credse €, Otherwise, go to Step 5.

5: Saolve

HPB+PBHT —BGIGPR + &l -0,

_RGT.

for a unigue B = 0. Compute L !

Assumption 7. The eigenvalues of §
Re{_).ES}] =4

lie on the imaginary axis, i.e.

Corollary 1. Suppose that Assumptions 1, 3-7 hold, Then, the output
containment control objective can always be achieved by MAS (1)-{7)
under the proposed protocol (8.

I'roof. As it was already stated in Remark 9, a solution B of
(23) is monotone non-decreasing with respect to €. In a special
case, when matrix S has eigenvalues in ©-, €; — 0 corresponds
to B — 0 [17], thus leading to Lf — 0. This encompasses the case
when Assumption 7 holds. Thercfore, for any gain K7 that stabilizes
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A; + B, it follows that T;(s) — T;(s), as it can clearly be seen from
(21). The choice of % — 17 in (23) leads to ||T;||. — 17, thus im-
plying ||T;/|~ — 1-. By the means ol Lemima 2 and the definition
(18] of =, it is straightforward to conclude that y* > 1. O

Remark 10. It should be noted that larger & leads to the in-
crease of B and consequently Lf. resulting in a system with a
faster response. Although in this case it also halds ||T}|]\r = b
the other terms in Ti(s) became non-negligible, thus leading to a
larger ||T;| . Therefore, one should initialize Algorichm 1 with a
larger y: < y* and gradually decrease y; until a salution is found,
as described in Algorithm 2,

4.2, Followers’ dynamics

Let the following assumption hold, which means that the fol-
lowers' dynamics is minimum-phase and right-invertihle.

Assumption 8. Matrices (A;, B;. ). i< T, satisfy

A;‘—S’f B.' ) A
rank([ G DD_H"""U' VseCH,

Remark 11. The right-invertibility of the ith agent's dynamics basi-
cally means that there exists an initial condition x;(0) and an input
ui(t) such that y(r) is equal to the reference output, for all ¢ > 0.
An example of right-invertible system is single-input single-output
(5ISQ) system whose transfer function is not identically zero [6].
Furthermore, it should he noted that Assumption 5 is encompassed
within Assumption 8.

Let K(s) = GiisI — (A + BiK¥)) 'TT: Lf. The transfer function in
(21) can be rewrilten as T;(s) = —F(s)(1 + T;(s)) + T;(s). Then, we
have the following corollary.

Corallary 2. [et Assumptions 1-5 and § hold and consider MAS (1)-
(3) and controller (§). Then, the output containment problem 15 al-
ways solvable,

Proof. The right-invertibility of (A; B,.C;) implies the left-
invertibility of the system (A!,C!.B/). According lo [Lemma
3.1, [27]). under Assumptions 4 and 8, K can be found such
that ||FT || < f; for any f; > 0, where ET(s) = (I{LE)T (sl — (4; +
By 1) 1¢l. since |[F' ||« = [IE|l«, this implies that ||F|lx can he
made arbitrarily small. By making use of standard norm properties
we get [T« < 1B« Il + Tl + [IT;] «. Therefore. ||E[|« |l + Tl
can be made arbitrarily small, which leaves the condition |T; |5, =
»~. This can always be satisfied for any 1 - 3 < %, as stated in
Remark 8. L

Remarlk 12. In Corollary 2, it is shown that a solution to the out-
put containment control problem always exists for the followers
with right-invertible and minimum-phase dynamics, regardless of
Lthe leaders' dynamics. On the other hand, Corollary 1 claims that a
solution to the output containment problem always exists for the
leaders with poles on the imaginary axis, regardless of the follow-
crs” dynamics. It should be noted that even though in the mast
general case, when Rc(}.(S}] > 0, the existence of a solution can-
not be guaranteed, this does not mean that a solution does not ex-
ist. Moreover, the most practically interesting scenario arises when
matrix 5 satisfies Assumption 7. In this case, the exosystem can
generate a diverse range of reference signals, including step sig-
nals, polynomial signals, sinusoidal signal of various frequency, and
their linear combinations [25].
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4.3. Acyclic graphs

In this subsection, it is shown that for acyclic graphs it is
sufficient to ensure the stability of Ai + BiKY, S+LER and H;+
L¥IG;, Vi< F in order to solve the output containment problem.

Assumption 9. The digraph ¢ is acyclic and contains a united
spanning tree.

Caorollary 3. Consider the MAS (1)-(2) and the controller (3). Then,
under Assumprians 2-6 and 9, the output containment ohjective can
always be achieved.

Proof. Since the digraph is acyclic, this means that the nodes can
be rearranged such that the Laplacian matrix 2 is lower triangular.
Furthermore, this implies that £, is alsa lower triangular, and since
AMI—£y)=1-=5(£,) it can be concluded that all eigenvalues of
matrix | — £y are zero, Hence, y* in (18) becomes infinite, There-
fore, it becomes sufficient to find the controller gains such that
[ITill~ is finite, which is the same as ensuring stability of A, + BiKf

and 5+ LfR. This is always possible under Assumptions 4 and 5,
respectively. O

5. Simulation results

In this section, we provide three numerical examples to demon-
strate the effectiveness of the proposed approach.

Example 1: General linear models

Consider a multi-agent system consisting of four followers F —
{1.2,3.4} and three leaders I. = {5, 6. 7}, with the interaction net-
waork represented by the digraph G, which is defined by its Lapla-
cian matrix

3 15 0 0 -15 © 0
0 3 o -1 -1 -1 0
1 0 -1 2 0 0 -1 -1
L= 3 -1 0 -1 3 0 o -1/ (26)
0 0 0 ] 1] Q 0
0 0 0 0 0 a 0
0 0 0 0 0 0 0
The dynamics of the leaders is given by
1 3
5= [1 _I:I. R_[] 1]_ (27)
while the exosystem generating disturbances is described hy
g 2 .
el 3] s

The dynamics of the followers is given in the state-space form

' f[oz =2 1.8
1= 1gq -0.2] B= [0,9]
G=[1 0] t=(13
g 1 0 1
A=] 0 0 1. 8=1|05
025 025 1 05
G=[1 0 0], =24
and
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0
E=|1

=

0 1

Q| 0]. i={1,2,3.4).

1
1
0 L

Solutions of the first pair of the regulator Eq. (4) are

¢_[100 100] . o :
IT: = [0_13 002 | T =[1.09 —136], fori-{1.3),
100 100|
Mf=| 017 057| If=[1.83 -457]. fori={2.4},
-017 121

while the second pair of regulator equations admits solutions

[_100 1.00]
I = {-01 e ?2]_ M= |-030 048
18 - 039 064
[~100 1.00]
Hd - —=1.00 1“0 nd - _0 ]3 0.2
T 023 Be3|RT ; ;
0. B 048 035

rf{=[-128 056]. [{=[-270 -248],
rf{=[-125 -057]. I'{=[-187 -321]

Furthermare, we set 3 - 1.5, & =10 &=10° and 7=
141 for all i=¥. Note thal j; satisfies the condition y; < p*,
since = =2.21. Following the design procedure presented in
Algorithm 2 leads to the observer gains

— 35.63 40.12
I = ﬂﬁf‘{l = | 769 | 13- [Eg;ﬂ 5= | 76.28
|l 106.21 ' 10535

o [1364] ja_[120] 4_[919 1 [-3865
1=1372 [ 271400 = |10.75| = | 1366 |

¢ [—78.79] .
L= 962 } le

&

and control law gains
K'=[1.18
K =[-0.27 033

-4.75). i={1,3},
-6.71]. i={2.4}.

This results in | Ty]~ = [Tl = 12121, |Gl = [[T4llx = 1.2114,
which means that the stability condition (18] is satisfied. Further-
mare, since the matrix H + [*G is Hurwitz stable, Lemma 5 im-
plies that the output containment control objective will be
achieved.

Initial states of the agents are: x;(0) =1 0",  x(0)
[t 0 of"xs@=01 o, =01 0 0. (0=
3 15, &0)=[-05 —15]', O =[-2 15}, while

the initial state of the disturbance generating exogenous system
is d(D) =0 I|T, The initial conditions of all observers of each
follower are set to zero.

From Tig. 1 it is evident that the local neighborhood output
containment error converges to zero. The output trajectories of the
followers are shown in Fig. 2, As can be observed, the followers'
outputs converge and stay inside the convex hull generated by the
leaders' outputs. The state trajectories of agents and observers are
shown in Figs. 3, 4 and 5. It can be seen that the states of the local
observers converge to true values within 5 s (Figs. 3 and 4). On the
other hand, the state trajectories of the distributed observer con-
verge to the convex combination of the leaders’ states (Fig. 5).
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N
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Fig. 1. The local cutput containment error unboldmath e, i = £,

—chal —fY :

=3 —i=4

~
I}

s s ; R

Chrkput

20 28
Time [3]

Fig. 2. The followers’ outpurs and convex hull generated by leaders’ autputs,

A IAN—AY
= .-,;'-a {/r\\ ,/—.\\w/’\ r -

Time [s]

Fig. 3. States of the agents (solid lines) and vbservers (dashed lines),

Example 2: Caltech wireless testbed vehicles

In this example, we consider a mulli-agent system consisting
of five followers F={1.2.3,4.5} and three leaders L = {6.7. 8},
with the interaction network represented by the digraph ¢, which
is defined by its Laplacian matrix

3 <t B o ® |4 0 ©

g 3 <1 @0 A |@ =1 »

=1 B 2 o @ |8 B =i
i\ B & 3 u|8 B a .
£=312 o 0o 0 2 0o o o (29]

0O 0 0 0 0 0 0 0

O 0 0 0 0 0 0 O

O 6 0 0 0 0 0 0

The exosystem malrices are the same as in the previous exam-
ple. The only difference is Lthal in this example, the leaders have
two outputs defined by matrix R = I,. Note that the eigenvalues of
S are £j+2, which means that the leaders’ trajectories will be el-
lipses in the 2D plane.

The followers in this example are Caltech testbed vehicles, de-
scribed by sixth order linearized meodels [12,34,38]. As in |38,
the vehicles differ in mass, with m, = 0.7, i1e{1,3.5} and m; =
0.8, ie{2. 4} All other parameters are consislent with those in
[12]. The controlled outputs are the two first stales that represent
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AV
\W\;ﬁm/{\” "”"’H»‘;V\ /\\\:’
AL \J\ W
s 'IUQJ(/ \\/](‘\J/Q\ f}(\ f‘ ”?0\ ;f

Time 5

\f
'|,"

] (
&

Fig. 4. States of the local disturbance uhserver for cach agert (solid lines] and dis-
turbance generating exosystem (dazhed lines)

Thiue 5]

Fig. 5. Distrihuted observer states {solid lines) and convex combinations of leaders'
states to which they converge (dashed lines).

the positions along the x and y coordinates, ie. G=[l;  0;.4]-
The impact of disturbances on the vehicles is defined by matrices
1 -1 0 0 o o] geli 1
-1 0o 0 0 o0 of" ) e (A 1
Solutions of the first pair of the regulator Eq. (4) are

Ef: YieF.

w1 o aer 1 t T
E0 1 ~3pl =8 =1 <inga]’
‘ 025 -055] |

3 [ o _037], ie{1,3,5}

o1 0 s 1 i T
i ™l 1 <a% F -1 i7"

‘"'5‘"]. ie(2.4),

e - [-030
{T|-062 -095

while the second pair of regulator equations admits solutions

m_[0 -1 1 1 1 3]
=g B o=th i =3 ]!

149 005] . _,. .
Ff:[ ! 1.83]' Ue {1.3.5),
me_[0 -1 16 1 1 3 T
mly 0 18 1 =3 &8

1
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Fig. 6. Trajectories of the leaders and followers in a 20 plane. The leaders, denored
by triangles, move in ellipses, thus forming a time-varying riangle, The followers
converge to Lhe triangle, thus achieving the output cantainment objective,

170 0.07] .
rf:[mt]a? 2,03]' te {24}

Given that y*=2 for g, we chovse the following values
for the design algorithm: 3 =1.2, ¢ —400. & =10% and 3 =
1.0541 for all i € F. By following the design procedure outlined in
Algorithm 2, we obtain the fallowing observer gains

s_[2796 12m —720 1503 528 _013]
T |-22.80 4252 2227 1290 1889 0.18 |-
i€{1.3,5),
po| 2815 1212 =709 1529 577 012 :
T |-2278 4244 2231 -1259 1877 0.16 |°
ic{2.4}.
[-1208 -1166] . ”
W=|"15 a7 | i<l13.5),
a_[-1218 -11.59] .
=1 105 2272 | fef24k
¢ [-11249 7727 .
h=| 72m -39.43]' -
and control law gains
«_[-5967 5512 026 -817 -528 -0.03
Ki=|_5363 -5785 -063 -427 -9.18 -025|
ie{1.3.5).
o[ 6985 6254 041 -1064 -500 0.06
17|-6343 -6558 046 -630 -934 -017|
ic{2 4},
while Kr‘f and R'_,."' can be easily computed using Eq. (12). The calcu-
lated parameters vield |IT;[l< = T3]l — Tl — 1.07. [ITallx =

ITall~ =
isfied.
The initial state of the ith agent is x(0)=
[-5+2i 110000 0]", while the initial statc of the disturbance
generating exogenous system is d(0) — [0 1]". Additionally, the
initial conditions of all observers for each follower are set to zero.
Maotion of the agents in a 2D plane is shown in Fig. b, where
the triangles and circles denote the leaders and followers, respec-
tively. It can be seen that inirially rhe followers da not belong
to the convex hull generated hy the leaders’ outputs. However, in
sleady-slate, the followers converge and stay in the convex hull.
Equivalently, the local neighborhood output containment error sig-
nal e;, i T, converges to zero, as it can be seen in Fig. 7a and b,

1.06, which means that the stability condition (18) is sat-
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(b) Second component of e;

Fig. 8. Comparison of the containment error of the first agent when using the
proposed design method (solid lines) versus the design method described in
[19] {dashed lines).

thus implying that the output containment objective is achieved,
as stated in Lemma 3.

Example 3: Comparative analysis

In this example, we conduct further analysis of the MAS dis-
cussed in the previous example. The local observer gains remain
the same, while the distributed observer gains are calculated for
different values of the parameter &. Additionally, we male com-
parisons with the low-gain design method presented in [19]. In
this methad, the contraller gains are first determined to ensure the
stability of the matrix A; + B;K¥. Specifically, we employ the stan-
dard LQR Riccati equation to calculate Ky, using Q = 8/ and R =1,
where the value of 4 is varied. Subsequently, the observer gains are
computed by adjusting the parameter of the Riccati equation out-
lined in [19]. For the sake of simplicity, the values of the observer
and controller gains are not provided.

Fizures 8 and 9 depict the neighborhood containment error of
the first agent and the mean absolute neighborhood containment
errar for all agents, respectively, for various values of & and 4.
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Fig. 9, Comparisen of the mean absolute local containment error when using
the proposed design method (solid lines) versus the design method described in
| 19] (dashed hines).

(b) Second component of

It can be observed that as ¢ increases, the system reaches the
steady-state faster. This result is expected since Lf increases with
higher values of &. In the case of using the second method, in-
creasing 4 leads to a somewhat faster response. However, it is
worth noting that the errors still exhibit slow convergence and
large oscillations compared to the proposed method. The primary
reason for these perfarmance differences lies in the fact that in the
proposed method, the gain Lf is determined first, followed by the
calculation of K} using the SOF algorithm. In contrast, in the low-
gain method, the stabilizing gain K¥ can be chosen arbitrarily, and

subsequently, the gain Lf is determined by adjusting the parame-
ters of the Riccati equalion until stability is achieved.

6. Conclusion

This paper deals with the output containment control problem
in linear heterogeneous multi-agent systems subject to external
disturbances. The main contribution of the paper is a navel dis-
tributed observer-based protocol which ensures the achievement
of the output containment cbjective, without the exchange of the
internal controller states. A design procedure is proposed and solv-
ability analysis is carried out in detail. Thearetical guarantees for
an existence of a solution are established,

Future work will be focused on extending the proposed pro-
tocol for solving the bipartite output containment problem, as
well as achieving the time-varying formation output containment
control. Furthermare, a special focus will be on analyzing MASs
where the followers have unknown nonlinearities in their dynam-
ics, while the leaders remain linear.
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ABSTRACT In this paper, the cooperative output regulation (COR) of heterogencous linear multi-agent
systems is studied. We propose a novel distributed observer approach that ensures synchronization of agents’
outputs to a relerence trajectory generaled by a leader, while rejecting disturbance, A unified [ramework
based on tools [rom H . theory is established which allows treatment of both networks of non-introspective
and networks ol introspective agents. The proposed protocols do not require exchange of the controller states.
which reduces or completely eliminates communication costs. A sufficient local stability condition is derived
and a novel controller gain design method is provided to satisfy that condition. It is proven that the solvability
of the COR problem can be guaranteed in advance for: i) introspective agents with arbitrary dynamics. ii)
non-introspective agents with stable dynamics, under the assumption that the poles of exosystems lie on the
imaginary axis. The effectiveness of the proposed approach is verified through numerical simulations.

INDEX TERMS Cooperative output regulation, leader-following consensus, observer-based approach,

multi-agent systems (MASs), H-¢ static output fecedback.

I. INTRODUCTION

During the past two decades, cooperative control ol
multi-agent systems (MASs) has received signilicant atten-
tion from researchers, see [11. [2]. [3], [4]. [5] and references
therein. It has been demonstrated that in order to achieve
collective goals, dynamic agents need to mutually interact,
which leads to new theoretical challenges that require exten-
sion of the classical methods in control. In the process, the
cooperative output regulation (COR) has stood out as an
impartant problem, where the main challenge is to design a
distributed control law such that agents asymptotically track
the reference trajectory generated by a leader while simul-
lancously rejecting disturbances. A variety ol cooperative
control problems, such as leaderless synchronization, leader-
following consensus, formation and conlainment control (5],
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[6]1. [71, [8], [9]. [10], [11], [12] can be seen as a special case
or extension ol the COR problem.

There are two well-known methods lor tackling the COR
problem for heterogeneous MASs. The first method is based
on a distributed observer and relies on the assumption thal
a solution of the corresponding regulator equations exists.
The pioneering work in this area was done in [13], where
the dynamic compensator in form of a distribuled obscrver
was introduced. This work was cxtended in [14] to the output
feedback case. The sccond method is hased on the distributed
internal model, which is more robust against plant parameters
variation, but requires the transmission-zero condition to be
satistied [15]. Both design methods have been extensively
investigated in recent years. For instance, in [16], the authors
have analyzed global output regulation problem under the
communication constraint of limited bandwidth. The COR
problem under switching graphs and time-delays is consid-
ered in [17], [18], and [1Y], while adaptive protocols that
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solve the COR problem in the case when the model of a leader
is not available to all agents can be found in [20] and [21].

All results in the area of cooperative control can be cal-
egorized in regard Lo information available to every agent
in the network. More specifically, if agents possess some
Lype of self-knowledge, such as measurement of their own
state or output, then we refer to them as introspective agents.
In this case, the possibilities of manipulating agents’ inter-
nal dynamics are broad and various control schemes can be
utilized. Design of protacols based on the full state infor-
mation has been carried out in [13], [15], [18]. [19], [20],
and [21], while the protocols requiring only output infor-
mation were addressed in [14], [16], and [22]. Unlike the
introspective agents, if the agents in the network cannot
measure their own stale or output, then they are called non-
introspective agents |23]. Therefore, the controller of each
agent must be based only on relative measurements and infor-
mation acquired through the communication channels from
the neighboring agents in the network. In [24], the authors
have proposed the neighborhood controller-neighborhood
observer protocol for output synchronization of homoge-
ncous networks, while the heterogeneous networks are con-
sidered in [23]. The COR problem for lincar heterogencous
non-introspective agents is investigated i [25], and for non-
lincar agents in [26].

In majority of the existing consensus and COR prato-
cols [12], [13], [14], [16], [17]. [18]. [20], [21], the internal
controller (observer) states are transmitted between agents via
the communication network and used as inputs for the dis-
tributed observer. Some protocols, such as those in [7], [22].
[23], and [25], even require the additional exchange of output
or slale measurements. Recently, significant research efforts
have been devoted to developing consensus and COR proto-
cols that rely solely on the exchange ol output measurements.
Such protocols can greatly reduce the communication burden
since outpul measurements typically have a lower dimension
than controller states [27]. [28]. Additionally, when agents
can measure their neighbors’ relative output information,
these protocols can be implemented without establishing the
communication network [249], [30].

However, the limited exchange of informalion between
agents gives rise to difficullics in analyzing the stability
of the closed-loop sysiem. The dynamics of the distributed
observer becomes coupled with that ol the heterogeneous
multi-agent system, and as a consequence, the controller and
observer gains cannot be independently designed. In [31] and
[32], the authors developed a low-gain technique based on
the small-gain condition to design a distributed observer for
networks of introspective agents. Nonetheless, this method
cannot guarantee the solvability of the COR problem in the
presence of external disturbances, thus limiting its practical
applications. More recently, the COR problem withoul con-
troller state exchange was investigated in [33], and a stability
condition based on the dynamics of the overall multi-agent
system has been derived. However, the proposed design
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algorithm does not directly incorporate this condition into
the design process. Instead. the controller and observer gains
arc independently calculated using Riccati equations, and the
process is iteratively repeated until the stability condition is
fulfilled. Lately, tools trom 7{~; control thcory have proven
lo he of great use for the design of the distributed inlernal-
model-based protocols [34], [35], [36], while their potential
in the design of distributed observer-hased protocols is not
yet fully exploited.

In networks of non-introspective agents, both agent and
exosystem states need to be estimated in a distributed manner
since local outpul measurements are not available. Conse-
quently, designing distributed observers without knowledge
of ncighboring agents™ controller states becomes an even
more challenging task than it is in networks of introspective
agents. In [27] and [28], the authors solve the COR problem
lor networks ol helerogeneous agents with minimum-phase
dynamics and identical relative degrees. The tracking prob-
lem in homogeneous MASs with general linear dynamics
1s solved in [29] and [30] by introducing the local observer
that estimates synchronization error. Further, the heteroge-
neous MASs with general linear dynamics have been studied
in [37], but no guarantees for the solvability of the COR
problem by the proposed design method are established, even
for the agents with minimum-phase dynamics.

Motivated by above discussion, we propose a novel dis-
tributed observer-based approach that solves the COR prob-
lem in heterogeneous linear MASs without requiring agents
to exchange the internal controller states. Unlike other
papers in the literature which address either the case of
non-introspective or introspective agents, here we consider
both cases in a unificd [ramework based on tools from
control. An extensive solvability analysis is carried out from
hoth the agents’ and exosystem’s perspective. Under the
assumption that the poles of exosystems lic on the imaginary
axis, it is proven that the solvability of the COR problem
can be guaranteed in advance for: i) introspective agents with
arbitrary dynamics, ii) non-introspective agents with stable
dynamics.

The main contributions of the paper can be summarized as
follows:

Iy Contrary to the observer-type protocols [ 121, [13], [14],
[161,[171,[18],[20],]21],]22].[23],[25]. the approach
propesed in this paper does not require the cxchange of
the controller states among the agents. Instead, only the
output information needs to be shared, which consid-
crably reduces the communication burden. Moreover,
il the followers are equipped with sensors that pro-
vide them with relative oulput measurements of the
neighboring agents, then the proposed protocols can
be implemented without establishing a communication
network, making a MAS more secure [30].

2) A novel controller design method that combines
the advantages of parametric algebraic Riccali equa-
tions (ARE) and tools [rom H, theory is devel-
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oped. Compared to the low-gain method [31]. [32].
the proposed approach provides greater lexibility in
designing the controller parameters. thus cnabling bet-
ter tuning of the system performance. Morcover, the
solvability of the COR problem is guaranteed for intro-
spective linear agents with arbitrary dynamics in the
presence of disturbances, which extends results in |31
and [32]. Furthermore, contrary to [33], the slubil-
ity condition in our paper depends on the individual
dynamics of each agent, rather than the dynamics of
the overall MAS,

3) In addition to introspective agents, a more challeng-
ing case of the COR problem in the networks of
non-introspective agents is also considered. Compared
o the protocols [29], [30] that are devised for homo-
geneous agenls, in this paper the agents are allowed
to be heterogeneous with a general linear dynamics.
Furthermore, the existence ol a solution to the COR
problem is guarantced for agents with poles in the
closed left half-plane, which extends the results in [27]
and [28], where heterogeneous agents are assumed to
be minimum-phase with an identical relative degree.

The rest of the paper is organized as follows, In Section 11,
the preliminaries are given and the COR problem is for-
mally stated. In Sections IT and IV, COR protocols for
non-introspective and introspective agents are proposed,
respectively. Section V deals with extensive solvability anal-
ysis. Finally, numerical simulations and concluding remarks
are given in Sections VI and VL respectively.

Notation: I 1s an identity matrix with appropriate dimen-
sion. For a square matrix A, A (A) denoles its spectrum, and
p (A) its spectral radius. The absolute value of a matrix is
defined as |A| = []a;;|], where A = [ay]. Moreover, A > 0
(= 0) means that A is positive definite (semidefinite). The
Kronecker product of two malrices A and B is denoted as
A & B. For a stable system G(s), [|G]|, denotes its Hac
norm. while ||G(jw)| denotes its largest singular value with
respect to the frequency. The operator diag(+) builds a (block)
diagonal matrix from ils arguments.

Il. PRELIMINARIES AND PROBLENV FORMULATION
Consider a multi-agent system congisting of N lincar hetero-
gencous agents described by the following dynamics:

X, =Ax, + B, + Ew

vi=Cxi+0n, i=1,....N, (1)
where x;(1) € B" is the state, u;(r) € B™ is the control inpul,
vi(t) € P is the output of the agent i, and @(r) & R is
the state ol an exosystem ¥, that represents disturbance o
be rejected. The disturbance is generated as follows

I e (2)

where Pois a constant matrix. Furthermore, suppose that
the reference signal, denoted by yy(r). is generated by an
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cxosystem

v=~Sp

N :
Y lye=Fv

(3)
where v(r) € R9 is the state, and vo(/) € R¥ is the output
ol the exosystem T, Note that the ime index ¢ has been
dropped 1n the equations for sake of clarity.

The N agents with the dynamics (1), called the followers.
and an agent described by the exosystem (3). termed the
leader, can be represented by anodesetV = {0, 1. 2. ..., N},
wilh O corresponding to the leader. The interactions among
the agents are modeled by an edge set £ € V x V. where the
ordered pair (/, /) € £ indicates the existence of a directed
link from node 7 to node j. In such case, we say that the
node ¢ is a ncighbor of the node j. The set of all neighbors of
the node ¢ is denoted by A, An adjacency matrix associated
with a directed graph (digraph) G = (V, €) is denoted as
A = [ay] € RVTDXV*D where a; > 0 for (j, i) € €
auclrce,j = 0 otherwise, Without loss of generality, we assume
E‘j\:D aj=1,0i=0,..../ N. Then, Laplactan mauix £ =
Uil € RWHINAD i¢ defined as £ = 1 — A. The Laplacian
and adjacency matrices can be partitioned in the following

wiy
10 0 0
Amlnd] erlme) e

where dy = [ﬂ']U. [ 5 | P H_N[]]T,

We assume that each follower has access to relative
outputs of the neighboring agents, thus obtaining the quan-
tity &5 = E:a\f, ajj (_\',-—_\‘j) which can he written in
terms of the elements of the Laplacian matrix as ¢ =
Z}LJ Livi, 0= 1, 00 N . The regulated output for each agent
is defined as follows:

Yi=yvi—yn i=1,...,N. (5

The main objective is to design a distributed dynamic control
law that drives the regulated output to zero. Based on the
information available to each agent we will distinguish Lhe
following two cases,

In the first case, we assume that the agents are non-
introspective, i.c. they can only measure relative output of
the neighboring agents. The goal is to design a distributed
dynamic relative output feedback (ROF) control law, i.c.
acontrol law based on a lincar combination of relative output
measurcments ; = Ef;u i Ti= Liwaas N. In the second
case, itis assumed that agents are introspective, i.e. each agent
can measure its output signal in absolute (global) coordinates
vi. In this case, we distinguish the following (wo scenarios.
The former requires exchange of y; through communica-
lion channels among the neighbaring agents, while the latter
assumes that the introspective agents can also measure the
relative outputs, thus eliminating the need for communica-
tion. The control law [or this case, covering both scenarios,
will be called the distributed dynamic output feedback (OL)
protocol.
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"The cooperative output regulation (COR) problem can then
be stated as follows.

Problem (COR): Tor the multi-agent system composed
of (1), (2), and (3). design ROF (OF) controller such that the
closed-loop system satisfics the following the conditions:

1) The origin of the overall closed-loop system is asymp-

totically stable when @ = 0 and v = 0.
2) For any initial conditions v(0), @(0), x;(0), the regu-
lated output satisties l_]..[IFL WEY=10, i=1; .0 N,

In order to solve the COR Problem, we will formalize the
required assumptions;

Assumption 1: The digraph G contains a directed spanning
tree with node 0 as 1ts root.

Assumption 2: The matrix § has no strictly stuble poles.

Assumption 3. The pairs (A;. B)), i=1,..., N, are stabi-
lizable.
Assumption 4.1: For the ROL protocol, the pairs
A E D i ;
(L-—f';—QFj.[n Pn]).t-:l ..... N
005

are detectable.
Assumption 4.2: For the OF protocol, the pairs

.55 (taal; [¥%]); i=1..uh,

are detectable.

Assumption 5: The linear matrix equations

MeP = ATIC + BT +F,
0=CTI®+ 0 L
nYs = ATl + BT

[0—::‘1:1 g \R%)

have solution pairs (I1¢". I'f*) and (IT}, T} ) fori = 1,..., N,
respectively.

Remark 1: Assumption 2 is introduced to avaoid the triv-
ial case of strictly stable S, as eigenvalues with negative
real parts exponentially decay to zero and do not affect
the asympiotic behavior of the closed-loop system. Further-
more, if the COR problem is solved for a linear MAS under
Assumption 4.2, then it is also solved when this assumption
is violated, as stated in [38]. Assumptions 3-5 are stan-
dard in the cooperative output regulation literature [13].
The equations (6) are known as regulator equations, whose
selvability is a necessary condition for solving the classi-
cal output regulation problem [38]. For the O protocol,
Asswmption 4.2 can be ensured under mild conditions if the
pairy (Ci. Aj) and (Q. P) ave detectable. When there is no dis-
turbance acting on the plant ouiput (i.e., O = 0), Assumption
4.2 veduees to the detectability of the pair ([ G 0] 4 & ]]'
which is always detectable if the pairs (C;, Aj) fmd (E,. Ay
are detectable [39]. For the ROF pmmmi Assumption 4.1
is always ensured if the paivs (| ¢ 0], [ o pyand (F.5)are
detectable, and matrices § and P have no common eigenval-
ues. If § and P have common eigenvalues, Assumption 4.1
does not hold for single-output agents, while for multi-output
agents it can be ensured under mild conditions [40].

B1422

Remark 2: It ts worth noting that, similar to works [17],
[22], [33] we consider separate exogenous systems to model
the disturbance and reference signal. The disturbance e is
assuwimed to be unmeasurable for all agents, while at least
one agent has knowledge af the reference signal vo. However,
as noted in Remark 1, whei exosvstems S and P have common
eigenvalues and the agents have a single output, Assump-
tion 4.1 will not hold. A possible solution to handle this issue
iy simply to exclude the common eigemvalues from matrix P,
as suggested in [33]. An alternative approach in the literature
is to model disturbances and reference signals using a single
exosystem such as in [13], [14], [15], and [I6]. In this
case, at least one agent must have access ta the complete
exosystem state, including disturbances. It is important to
highlight that all the results obtained for the ROF protocol
are equally applicable to this scenario. Neveriheless, for the
sake of ensuring a straightforward parallel between the ROF
and OF protocols, we have adopted the same approach for
botl introspective and non-introspective agents.

Prior to presenting the main results. we provide a lemma
regarding the spectral radius of the matrix [/ — £|. where
w4 € . This matrix plays a crucial role in the stability analysis
of MAS.,

Lemma 1: Consider the Laplacian and adjacency matrix
partition (4). Then, for any real scalar i, p [|;.*.f — .C|| =
| — 1| + p (A). Moreover, p (A) < 1 if and only if the
digraph G associated with the adjacency matrix A contains
a directed spanning tree with node 0 as a root.

Praof: In order to prove the first stalcment of the
lemma, note that £ = J — A. Since A is a non-negative
matrix with zeros on the main diagonal, it is straightfor-
ward to show that |pl — L| = e — 1T + A. Therefore,
Ne(lwf =Ll =Ml =T+ A) =l —1+Ni (A), i=
1, ..., N.Moreover, according to Perron-Frobenius theorem,
the nnn-m,;_‘dtmty of A lmpties that p(A) is its eigenvalue,
from which follows p(|ul] — = |u — 1] + p(A). This
completes the proof of the first statement,

For the second statement, the structure of A implies that
it contains the cigenvalue | in addition to the cigenvalues
of A. The matrix A is row-stochastic, thus according to
(Lemma 3.4, [ 1]), it has a simple eigenvalue p(A) = 1 if and
only il the digraph G conlains a direcled spanning tree with
node 0 as the root. Therelore, p{j) i [

lil. COR IN NETWORKS OF NON-INTRDSPECTIVE AGENTS
In this section, the distributed ROIY controller is first intro-
duced, which is followed by a discussion on the stability
analysis and controller design procedure.

Consider the [ollowing ROF contraller

% A E O [ & B; L¥

@ | =0 PO ||+ |0 [wm+|L]e,

;. 005]||5 0 L
wp=K'&i+ Ko+ K'b, i=1,....N, (7)
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where 3y € R, @&; € R% and D; € R are local estimates
of x;. w and v. respectively. The term &; € 7 represents the
virtual error signal defined as
N
£ & Z Livi = 4 Ciki + Qg — Fiy), i=1,..., N, (&)
i=0
where 1 is a real scalar. The first equation in (7) can be viewed
as a distributed observer of the system and exosystems stales.
‘The observer gains L, L{", L and the control law gains
K!, K. K are the parameters to be designed.

Remark 3: In addition to the relative measurements, the
virtudal ervor signal contains a term w(Cix; + Oy — ;) that
depends on the local estimates of the system and exasystems
stares. This implies that the implementation of controller (7)
does not require conununication among agents. It should be

noted that the added rerm is crucial for the stabilization of

MAS, which will be shown later,
Let Ki” and K} be designed as (ollows:

KF =Ty —K'Y, K =T{ — K{TI;. (9
Define the tracking and estimation errors as ¢; = & — 17w —
Miv. X = % — %, @; = & —w, V; = b — v. By taking
into account the regulator equations (6), the error dynamics
of each subsystem can be wrillen as

é Ai+BiK? BK' BK® BiKY] [ e 0
}; _ 0 i“lj E;' 0 .I'j Lf d
&= o o P o ||&|T|oe|5
W 0 0 0 s 7 L

Furthcrmore, et ¢; = [_'\':‘.T :'.T;;"' D‘.r]." and define variable & =
Z:\:l l;jCiej — juCie;. Then, £; can he expressed as g; = &; +
" [—C;- -0 F] é;. Introduce the following matrices

:’1,’ E;' 0
Hi=|0PO|, G =[-C-0F].
00S
L
Ke=[RF B RY] = | L2
1y

o

which in turn gives the closed-loop dynamics

e — A'I+B';K;‘. BiK; [ e 0 ;
[é.] T== [ 0 H{, + HL!'GI:I _Ef:| -} |:L‘:| E;- (IU}

Denote
¢ = col{¢i}, (¢i = e, €, &)
D = dfﬂg{@;} 3 {'¢',' =S A;. B,‘. C{'. f{f‘ G,‘. K;, KI.'. Lf)
E=L@l,, (1

then the overall system dynamics hecomes [j = A [g]
where the closed-loop state matrix is
A+ RK* BK ]

= e 2
Act [Lu: = DO H + plG (2)
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Note thatdue to (6b), ¥; can be wrilten as §; = Cox;+ Qe —
Fv = Cie;. It can be concluded that lim; . o ei(1) = 0 implics
limy_, o yi(t) = 0. Therefore. ensuring that Ay is Hurwitz
stable is equivalent to solving the COR problem.

A. STABILITY ANALYSIS
In this subsection, we derive local stability conditions that,
il satisfied, ensure the stability of the closed-loop matrix Acy..
Define the following matrices
P Ai+ BiKf BK; - 0 o ;
A= { g HﬁuLsG.] B = [1} - Cr= (6 1],
(13)

with the corresponding transter function

Tils) = sl —Ap'By, i=1,....N. (14)

Theorem 1: Consider a multi-agent system composed
of (1), (2) and (3). Then, under the Assuinprions 1-3, the
ROF protocol (7) solves the COR problem if the following
condition holds

b = P ) - (15)
|
ot =L’
Proof: The closed-loop system matrix Acy, in (12} can
be rewritten as Acr, = A+ B(L — il )C, where
i |A+BKY  BK . [0]
iF 0 H+ pulG L]

where y* =

, C=[C0]. (16)

Assunte that A is Hurwitz, which can always be achieved
under the Asswmptions 3 and 4.1. Then, the matrix determi-
nant lemma gives

det(si — A
= det(s! — ﬁ]dcr{l — (sl — AJ_]E(E — ;u’)f‘}
- i o
=det(s/ — Aydet(/ + (uf — L)C{sf —A) B).
Note that Agy is Hurwirz stable if det(sf —A¢p) #
0, V5 e 'T:*'; This means that the marrix 1 4+ (pud —
LYC(si —A)"'B must not have zero eigenvalues for any

s € C*, otherwise its determinant will be equal to zero.
Therefore, Ay is stable if

plid — L)C(sl —A)" ') < 1, vse Ct. (17
Taking (13) and (16) into account, the transfer function
C (s — r-;l}'lé can be expressed as
Cisl - A)7'B
= C(sI — (A+ BK*)"'BK(s! — (H + uLG)~'L
= djag(C;(_.i!—(A;+B;K['-T})"B,'K,-{sf — (Hi+pLiGy™ 'Ly
= diag(T;(s)).

Furthermore, by using the block-norm matrix inequaliry [34]
we can wrife

p(ud — Lydiag(Tis)) < p(ud — LldiagITill ).
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According o Lemma & rfn_[:uj. the ineguality p((pf — £
diag([|Ti|lac)) = pt|pd — L)) max || Till s holds, which allows
[

the stabilitv condition to be writien ax
plpd — L) max || Tillso < 1.
r

The above condition is equivalent to the condition (15),
which completes the procy. O

Remark 4: It should be noted that the proposed controller
relies on knowledge of a global information and is not
fully distributed. Actually, mast of the existing protocals,
for instance [28], [31]. [32], [34], [35], [36], also rely on
knowledge of global information. It is worth neting that in
many practical situations, it is possible to know or predict the
lower bound of a spectral radius of |l — L|. One possible
appioach to develop a fully distributed protocol is by employ-
ing adaptive gain methods, as demonstrated in [2] and [29].

In the following lemma, we establish the lower bound
for [Tl -

Lemma 2: Suppose that the transfer function Ti(s) is sta-
ble. Then, =" is a lower bound of | T:|| . i.e.

1
ITilloe = — i=1,..., N. (18)

Proof: Introduce the following coordinate transforma-
tion matrix

- —I
07 —I1% —I1v
MSlog 1 0
00 0 I

In the new state coordinates, the systems matrices become
Ai = MAM, L B = M;B, and C; = C:M_ . Taking into
account (9), it can be shown that these matrices are

A; + BiK —p[r-0¢ -0 1L;G 0 0
- 0 A — p[1 -0F -] L;C; —BT'Y —B,T)
f 0 —puLP G £ 0
0 —uL!C; 0 e
[r=0¢ =i
éf = | -—1'11”’—['[,. It . 6, — [C, - 0 D]. (19)
L

Suppose that || 7]l < =1 holds. Then, by the means of
the small-gain theorem, the teedback controller ir; — —jpuy;
stabilizes the system (19). The resulting state matrix is then
equal to

Aj — pBiC;
AVBKS p[l =N =0 |6, 00 0 0
p[f =02 =¥ JLC; A —BT® —BTY
— G 0 P 0
=L G 0 0 5

However, since A(;l; — ,ul'f,.-(v.‘g) = MAHUMPYU AS) U A
(Ai+BK — (L] — TILY — T L;)C)), itcan be concluded
that it is impossible Lo stabilize the system with the controller
ity — —py;. Thus, (18) must hold. O
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So far we have not justified the necessity of the Assump-
tion |. This will be done in the following corollary.
Carollary 1: The stability condition (15) can be satisfied
if and only if Assumption 4.1 holds and
I+ p(A)
= ,:) = (20)

Proof: In order for the condition (15) to be satisfiable,
it is clear that ™ must be greater than the lower hound of
I Till o, i.c. the Tollowing must hold

pllul = L)) < p. 21)

If part: According to Lemma 1, if Assumption 4.1 holds,
then p{|;u‘ —EI] = |u=1l+p (.;1) and p(.—'i) = L
Therefore, (21) can be rewritten as ;0 — 1] + p(A) < .
It can be easily checked that this inequality holds for any g
that satisfies (20).

Only if part: Suppose that Assumption 4.1 does not hold.
Then, from Lemma 1 it follows that p(.4) = 1. Therelore,
il {|,u! - EI) = | — 1]+ 1. which is always greater or equal
Lo L. 0

B. CONTROL LAW SYNTHESIS
Generally, it is difficult to [ind K; and L; such that | T =<
¥*, since the gain matrix 1; is embedded in both the state
and input matrix, thus a general H.. design method can-
not be applicd. Instead, we will first determine the gain L;
such that H; + pL;G; is stable. Note that it is always pos-
sible W find such L; since the pair (H;, G;) is delectable by
Assumption 4.1, After L; is determined, the problem reduces
to finding the gain K;' such that (15) holds, since K" =
A=K I K =T = KNI

The problem of determining the gain matrix L; such that
H, + il is Hurwitz stable is well-studied in the traditional
control literature. In this paper, we introduce the following
algebraic parametric Ricatti equation (ARE)

Xi(eplt] + 1hXi(e) — §iXileG! GiXiley) + €1l =0, (22)

where 8; is a small positive constant and ¢ > 0 is an
adjustable parameter. After solving (22) for Xj(e;), the gain
L; is calculated as L; — —pu ™' Xi(e)GT .

For the fixed L;, the problem can be converted to the
standard Ho¢ static outpul feedback (SOF) problem. Namely,
the stale matrix ,i,- can be rewritlen as /Elr- - A+ B;K’;’f}.
where

< _[A[osry Bry]
,1,_[0 R, } 23)
B [‘g] G=[ - -] @9

The task is to find the output feedback gain K such that the
transler [unction Ts) = C','(s! — Aj - B,-KJ-‘ C,-]_lf?, is stable
and || 7illac < . for i = 1,..., N. An additional vanablc
i = 7 has been introduced, which gives more freedom
for setting the upper bound of ||7]| ... Necessary condition
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Algorithm 1 . Static Qutput Feedback (SOF) Algorithm
1: Set Py =1 and QU =
2: Solve the following

P, OV,

optimization problem  for

min  trace(P Qg — QPy), s.t. constraints
PAi+ AT P+ Ci+ CTVT PB; €T

B;{'P —wl 0 | <0
AiQ+ QAT + BV + VIBI B C]Q
ol "
BL‘ —]:’J 0 < ()
QC, 0 —u!
P _ _
(1 Q)gu.?ho.g.»o

3: Check the following conditions:
1) il'trace(P Q) —n < ey, aprescribed tolerance, go Lo
Step 4
2) if trace(PQ) — trace(PyQy) < &3, a prescribed
tolerance, initial P may not be found, EXIT
3) otherwise set Py =P, Q¢ = Q and go to Step 2.
4: Set Py = P. Solve the following optimization problem
for K* with given P

min «, s.t. constraint
& =PA+AT P+ PBK;Ci+ CTKTBIP — P

& Pph ¢l
B'P -yl 0 | <0
6; 0 —pl

s: if ¢ < 0, the stabilizing K;* is found, EXIT
6. Solve the following optimization for P problem with
given K':

min  «, s.tconstraint from the Step 4.
7. if o = 0, the stabilizing K;' is found, EXIT
& Solve the following optimization problem for P with
given K" and o

min trace(P)  s.t constraint from the Step 4.

9; Check the following conditions:
1) if[|P —Pgll /IP]| < &. the solution may not exists,
EXIT
2) otherwise go to Step 4

for solving the H, SOF problem is that Assumption 3
holds.

There are many available algorithms in the literature for
solving the H-¢ SOF problem [41], [42]. [43]. In this paper,
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Algorithm 2 Design of ROF Controllers
I: Set sz according to Corollary 1. Initialize €; and ;.

2. Compute L; = —u"X,;(e,;)G;f". where Xj(¢;) 1s the solu-
tion of the ARE:
Xie)H] + HXi(e)) — 5:X()G] GX(e) + €l =0
(25)

3; Compute the gain K" by Algorithm 1.

4; If'the Algorithm 1 does nol return the stabilizing solution,
return to Step 1 and decrease €. If the Algorithm |
returns the stabilizing solution, but performance is not
satisluclory. return to Step | and increase &;.

we have adopted the iterative LMI (ILMID) approach devel-
oped in [43], which utilizes a separate algorithm to optimize
initial valucs of the variables and thus is very effective
in finding the solution. The ILMI method is presented in
Algarithim 1, where the notation is adapted to one used in this
paper.

Further discussion regarding the solvability and impor-
tant properties ol ARE (22) will be provided in Section V,
It should be noted that although fixing the gain L; gen-
erally reduces the freedom for determining K', it will be
shown that the proposed approach always ensures the solv-
ability ol the COR problem for certain types of plants and
exasysiems.

The complete procedure for determining the gains L; and
K is summarized in Algorithin 2.

IV. COR IN NETWORKS OF INTROSPECTIVE AGENTS
This scction presents a distributed OF controller and dis-
cusses the MAS stability, as well as the controller design
procedure.

Consider the following OF controller

B (ARE
[](-1elz)

{‘J,' = S‘:‘,' e L‘-vb“;,
;= KI,-(_E,' - K;”r’;},: - KJ-L T S — (26)

where 5, £ R", @, € R% and 1; € RY are the local
estimates of x,, @ and v, respeetively. The ohserver gaing
Lf, LY, L; and the control law gains K*, K”, K; are the
parameters to be designed.

In the case of the introspective agents, the virtual error
signal £; € RF is defined as

N
& a Z Gy = iy =P t= Lo N (27)
=0

where ;¢ is a real scalar. Note that the additional term in
equation (27) is different from that in equation (8} since the
ith agent has access (o its own output y;,
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Remark 5: The availability of the local output v; allows for
the design of more efficient control strategies for the intro
spective agents. In (26), the reference signal is estimated by
a distributed observer using a virtual error signal, while the
disturbance and system states are estimated based on locally
avatlable information. This approach substantially differs
Srem the approaches [31], [32], where bath the veference and
disturbance signals are estimated by a distributed observer
based on information diffused through the network. The
benefit of constructing a local observer is that it facilitates
the design aof the observer gains.

Let K and K be designed in the same way as in (9).
Define the tracking error, local observer error and distributed
observer error as

o B Xi X—x
—~Mlao~Miw &= "=\ 7|,
nj wj —

U= 0 =

1]
I

Substituting ¢;, ¢;, ¥; into (26) yields the following closed-
loop dynamics

é A+ BKS  BK'™ Bk} ¢
2l = 0 H; + LG, 0 e,
v 0 0 S+uL'F| |
0
+ | O |
L

i
QImllJ.rly to the procedure in the previous section, define
£ = Z’_ liiCie; — p1Cie; and

AI b," ~
15— [U P:|._ G;:[(;‘Q].

K=K BY), L= BL”]
.
Following the rule (11) for notations, the closed-loop state
matrix can be written as
A+ BK*
Aci = 0
LY(L — uh)C 0

BKX® BKY
H+ L™C 0 . (28
S+ plL'F

where § = Iy ® 5. F = Iy @ F. Under the same arguments
as in the previous section, it can be concluded that A¢y, being
Hurwiltz is equivalent to solving the COR problem.

A. STABILITY ANALYSIS g
Let us first define f_lc_;__ = L.’?;Bf”{_ sfifr FJ Then, the
following lemma is of particular importance for the stability
analysis.
Lenuna 3: The closed-loop state matrix Acy in (28) is
stable ifand only if the matrices H+L*G and Acy, are stable.
Preaf: The proof follows from the similarity relation

Wt H4+ LG 0
CL BK“ ACL
where the structure of the matrix allows the separation prin-
ciple to be applied. O
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Under the Assumption 4.2, it is always possible to find the
gain matrix L7 such that H; + L G; is Hurwitz stable for
i = 1,.... N, which further implics stability of the matrix
A+ 172G,

In order to analyze stability properties of Ay, let us first
introduce the matrices

s A+ Bk BiKY . 0 4 =
A= { 0 s+prpr| Bi=[pr] =160l
(29)
with the corresponding transfer function
Tils) = Ci(sl — A))~'B,;. (30

Then, we present the stabilily condition for the multi-agent
system under the OF pratocal.

Theorem 2: Consider a multi-agent composed of (1), (2)
and (3). Then, if H; + L{"G; is Hurwitz stable and Assump-
tions 1-3 hold, the OF pratocol (26) solves the COR problem
provided that the following condition holds

ITilee < 7% 121, covy N, (31)
= — l ——
!-‘(.jl!—ﬁll.
Proaf: Given the Hurwitzness of H; 4+ L® G;. it remains
o ensure the stability of A¢y according to Lemma 3.
The stability analysis of Ay is analogous to the proof
of Theorem I, with respect to the newly defined matri-
ces A, B C,- and the corresponding transfer function
Ti(s) = Citst — Ap~'B;. O
Similarly to the previous section. we estahlish the lower
bound for || 7] -
Lemma 4: Suppose that the transfer function Ti(s) is sta-
ble, Then, =" is a lower bound of || Ti| . i.c.

where p*

1
1Tillos = = i=1,..., N, (32)

Proof: Introduce the following coordinate transforma-

tion matrix
! -1}
M= [(J ] }

Then. thr new system matrices can be expressed as & =

MAM', Bi = MiB; and C; = C;M[7, thatis
i, [Ai+ BiK; —uILYF
! 0 S+ uLF
. -mL |l - . ;
Bi = [ L '], Li[G F]. (33)
The rest of the proof is analogous to the proof of Lemima 2.
o

Corollary 2: The stability condition (31) can be satisfied

if and anly if Assumption 4.1 holds and ji > ]—_ii-'a-'i
Proof:  'The proof is analogous to the proof of
Corollary 1. ]
Remark 6: A speciul type of graphs that are extensively
invesrigared in the literarure of cooperative control are
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acyclic graphs (44]. Acyclic graphs are characterized by a
lower triangular matrix L with ones on the main diagonul.
The consequence of this structure is that for pp = 1 one gets
vy = oo, which means that for acyclic graphs both the ROF
and OF protocols solve the COR problem with a sufficient
condition being that local transfer functions ave stable.

B. CONTROLLER SYNTHESIS

In this subscction, an algorithm for synthesis of the OF con-
troller is provided. Here we encounter the same difficulty as
in the case of the ROF protocol, which is the simultancous
calculation of K; and L; . Therefore, we first find the gains
L™ and L} such that H; + L[ G; and § 4+ pL)'F are Hurwitz
stable, which is always possible under Assumption 4.2 Then,
under Assumption 3, we will determine K7 such that A; +
B:K{" is stable and ||T;|| <y, where y; < p*,

Observe that, according to Lemma 3, the cigenvalues of
the matrix H; + L G; can be assigned independently of
the remaining eigenvalues of the marix A¢y.. Therefore. L
can be obtained using standard ARE-based methods. In this
paper, we use the following ARE

YitkdH + HYi(k) — Yilx)G] GYitki) + ki = 0. (34)

which always has a solution for i; > 0 under Assump-
tion 4.2 [45]. The stabilizing gain is then computed as L™ =
—Y;’{I\LHGF’..

On the other hand, the gain L is computed as L] =
—,u" Xi(e)FT, where X;(¢;) is the solution of the ARE intro-
duced in the Section 11I-B:

Xi(e)ST + SXi(e)) — 8, X, (e )F FXi(e)) + e, =0.  (35)

In the previous equation, §; represents a small positive con-
stant, and ¢; > 0 is an adjustable parameter,

Under the OF protocol, the state matrix Aj can be rewritten
as A, = A + B’,K’ff’;. where

- [A BIY :

A= [0 o ;.:L}’F:I' (36)

B= T, &= <] (37
i 0 . 1 i . -

Therefore, K can be determined by using the Algorithm 1,
The other feedforward gains are computed as K = ' —
K and K = I'} — K1}

The complete procedure for control synthesis is sum-
marized in Algorithm 3. Furlher discussion regarding the
solvability of the COR problem by the proposed approach is
provided in Section V.

V. SOLVABILITY ANALYSIS

In this section, under some additional assumptions for
leader’s dvnamics, we provide further analysis regarding the
solvability of the COR problem. It is shown that under the
ROF protocol, the existence of a solution to the COR problem
can be guarantced whenever MA;) €e €, i = 1,.... N,
Furthermore, under the OF protocol, a solution to the COR
problem always exists.
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Algorithm 3 Design of OF Controllers

1: Set ju according to Corollary 2. Initialize «;,e; and 4;.
2 Compute L = _}"-{r,)(}?. where Y;(x;) is the solution
of the ARE:

YiedH! + HYik) = Yk GT GYilkey) + kid = 0
(38)

3: Compute L] = — 1" Xie)F T, where X,(¢;) is the solu-
tion of the ARE:

Xi(e)ST + SXiles) — 8:Xi(e)FT FXile)) + & = 0,
(39

4: Compule the gain K by Algorithm 1.

5: If the Algorithm | does not return the stabilizing solution,
return 1o Step 1 and decrease g;. I the Algorithm | returns
stabilizing solution, but performance is not satisfactory,
return to Step 2 and increase €;.

Prior to the further discussion, we introduce the two lem-
mas that are fundamental for establishing subsequent results.

Lemma 3: Consider «  system  with the state-space
realization

A=A+ uLlC)x + Lu
y==Cx, (40)

and corresponding lransfer function
Gls) = C(s] —A—uLC)"'L, (41

where A Iy an anti-Hurwitz stable matrix (Le. it has at least
ane eigenvalie in ii*‘), and the pair (C,A) is detectable.
Then, for every x > w™' there exists a gain matrix L such
that |Gllae < x. Moreover, the gain matrix can be obtained
asL = —pu '"PCT, where P > 0 is a solution of the following

ARE
|
PAT + AP + €l + ( — 1) PCTCP=0. (42)
Hox*

with € being a positive constant.

FProaf:  According to the bounded real lemma
(BRL) [46]. A + uLC is Hurwitz stable and |G|l < x.
il there exists P > 0 satisfying

F L o2 T
PA+ pLCY +A4+pLCYP+ —<LL” +PCTCP < 0.
¥2
(43)

Let L = —u 'PCT. Then, the inequality (43) becomes

|
PAT+AP+( — - I)PCTCP < 0. (44)
2 &

Since A has eigenvalues with nonnegative real parts. there
does not exist P > 0 that salisfics the incquality (44) when-
-2.,-2 : -1
ever (4 “x = — | = 0, thus y > =" must hold.
The inequality (44) is satisfied for every /” > ( that is a
solution of the ARE (42). The existence of such I” is ensured
by detectability of (C. A) [45]. 0
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Frc'qum‘c;-' [radds]
FIGURE 1. Maximal singular value with respect to the frequency
(|G (jw)]I) of two-input, two-output system for 4 ' = 100,
x = u~" 4 0.01 and different values of <. The system is of the seventh
arder, with two pairs of pales on the imaginary axis, at 1jo; and +jws.

It should be noted that — .~ 'PCT is nota unique suhstitu-
tion for the gain L in terms of P. However, this choice of L can
lead to the minimum possible norm of G(s). In the following.
we establish the value of that minimum norm,

Lemuna 6: Consider the system given by (40), (41), where
A is an anti-Hurwitz stuble matrix. Then, ||Gll > 171

Proof: Under the the feedback controller i = —juy, the
closed loop matrix of (41) is equal to A, which is anti-Hurwitz
stable by assumption. Therefore, according Lo the small-gain
theorem, ||Gl|~ = =" must hold. [

Remark 7: In the case when A is an anti-Hurwitz stable
matrix, Lemma 5 and Lemma 6 imply that there always exists
a gain L such that |Gl € [0, %), where x can be chosen
to be arbitrarily close to 1=, It should be noted, that when

A is Hurwitz, there is no restriction on the lower bound of

(|Gl since the inequality can be satisfied for any x = 0.

Remark 8: Suppose that x is chosen as x = ="' + A,
where A > (0 is a small constant. Then, for any € >
0, we have |G|, = p"]. Furthermore, it is well-known
that the solution Pl¢) af the ARE (42) s monotonically
non-decreasing with respect to €. In the special case, when
state matrix has eigenvalies in the closed left half-plane,
¢ — 0 corresponds to P(e) — 0 [47], [48], thus leading
ol — 0,

In order o illustrate the scenario in Remark 8, Fig. 1
shows the largest singular value with respect to frequency, 1.c.
[[G(je)|, for a marginally stable MIMO system. The system
is of the seventh order, with two pairs of poles at &jw| and
+jws. Asitcan be seen, |G|l .. — ! fore = 1077, where
the largest singular values oceur at the frequencies o) and
wz. On the rest of the frequency range, ||G(jw)|| decreases
as frequencies get further from @) and w3, due to L — 0.
An increase of the value of € causes a larger gain matrix L.
which lurther increases || G(jer)|| on the rest of the frequency
range. However, | G||~, remains the same.

A. SOLVABILITY ANALYSIS UNDER ROF PROTOCOL

In this subscction we provide some additional resulls regard-
ing the solvability of the COR problem under the ROF
protocol.

Bl428

First, introduce the following matrices

) A; =BiI'Y —BiI' I -ng —n; [,
Hi=10 P 0 | L= £
e & L}

Gi=|-C;00].

Then, by taking into account (19), the transfer function (14)
can be rewritten in terms of these malrices as

Tits) = Gitsl — A; = BiK})™' [1 =N —11¢] L;
+ (1 + uCisT — A — By~ [1 0% —1y] Ll-)
b é,'{.!‘f =, f:{, = HL,'(V},']_I']:,'. (45)

"szfinc. the new transter function Ti(s) = CH?‘-L«'.’ — ff.- -
wiiG) ' Li, which can be shown (o be identical to Ti(s) =
Gi(sl—H; — pLiG;)~"L;. This leads to a more concise repre-
sentation ol (43) in lerms of matrices in original coordinates

Ti(s) = Cilsl — Ai — B [f -1 —11Y] L,
+ (1 + uCitst = 4= BKHT [1 -1y 1] L))
x Ti(s). (46)

Assumption 6: The eigenvalues of A;, { = 1,.... N,
belong to the closed left hall-planc of the complex plane,
while the eigenvalues of the matrices £ and S lie on the
imaginary axis.

Theorem 3: Suppose that w is chosen such that the con-
dition (20) holds. Then, under Assumptions 1-6, the COR
proflem is always solvable by ROF protocol (7). Moreover,
Sfor a sufficiently small €, the values of K; and L;, i =
B N, can be obtained by Algorithin 2.

Proaf: The ARE (25) in Algoritiun 2 corresponds to the
ARE (42) whend; = 1 —p 25 2. The Assumption 6 implics
that H; has cigenvalucs in Lhe closed left half-plane, thus by
Remark 8. ;" — Das€; — 0. Therefore, for any gain K' that
stabilizes A; + B;K; we can write T;(s) — T;(s). Choosing a
sufficiently small &, in Algorithm 2 leads (o || Ti ”m - =1L
thus implving ||7;]|s — n I The rest of the proof follows
tfrom Corollary 1. [

Remark 9: The Theorem 3 guarantees the existence of a
solution for agents with poles in the closed left half-plane for
€; = 0. On the other side, the system response becomes faster
as ¢; tncreases because Xil¢;), and hence the control input,
also increase with €. Even though for a larger €; we still
have ||\ Ti|lo — @™, the other terms in Ti(s) become non-
negligible, leading to alarger ||T;||~. This makes it less likely
to find K} that solves the H~, SOF problem. Furthermore,
it should be noted that if either an agent or an exosystem
has poles in the open right half-plane, the existence of a
solution cannot be guaranteed in advance, as 1t is not possible
to achieve L; — 0 for any €. Namely, as the unstable
poles of the exosystems or agents move further right in the
complex plane, the required stabilizing gain L; increases.
Conseguently, minimizing | T, ., which depends an both L,
and the follower stare model, becomes maore difficuls. it is
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important to note that, in general, the Ho, norm of linear
systems cannot be arbitrarily reduced by using state or output
feedback [49].

Remark 10: Although seemingly restrictive, the Assump-
tion 6 covers a wide variery of important and conunon
agents’ dvnamics in multi-agent systems. An example are
agents with first and second order integrator dvnamics [10],
[11]. The assumption that the the poles of exosystems lie on
imaginary axis is a common assumption in many existing
results such as [7], [16], [18], [21], [31], [32] [39] and
[37]. Under the asswmption, the exosystems associated with
matrices § and P can generate a diverse range of reference
and disturbance signals that are inreresting in practice, This
includes step signals, polynomial signals, sinusoidal signals
of vartous frequencies, and their linear combinations [31].
Possible practical applications include cooperative tracking
and formation control of mobile vehicles (2], (39, contral of
wimanned aerial vehicles (33 ], control of rabotic manipula
rors {20/, and so on.

Remark 11: Solvability of the COR problem for certain
classes of agents’ dvnamics has also been discussed in
related works. For example, in [27] it is assumed that the
agents arve mintnn-phase and with an identical relative
degrees. In [37], an Hoo based design method is proposed,
but it does not guarantee that the stabilizing controller gains
can be found, even when the agents’ dvnamics is stable.
Similarly, [28] considers the outpur synchronization of the
non-intraspective agents that are minimum-phase and SISO.

B. SOLVABILITY ANALYSIS UNDER OF PROTOCOL
In this subsection. we analyze solvability of the COR problem
under the OF protocol.

In terms of the matrices introduced in (33), the transfer
function (30) can be rewritten as

Ti(s) = —C,(s] — (Ai + B.KY)) ' TVL)
+ (1= pCilst = A+ BKD) T 'TILY) Tits),
BNy

where Tis) = F(sI — (5 + pL/F)) ' I!,f.", which corre-
sponds to the form in Lemma 3.

Assumption 7. The eigenvalues of the matrix § lie on the
imaginary axis.

Theorem 4: Suppaose that (o is chosen such that the condi-
tion (20) holds. Then, under Asswimptions 1-3 and 7, the COR
problem is alwavs solvable by OF protocol (26). Moreover,
for a sufficiently small €, the values of Ky and Li, i =
Joasions N, can be obtained by Algorithm 3.

Proof: The ARE (39) in Algorithm 3 corresponds to the
ARE (42) when ; = 1 — 2% 7. Under the Assumption 7,
§ 1s marginally stable, thus by Remark 8, L; — Oas ¢, — 0.
Therefore, lor any gain KJ‘." that stabilizes f‘\,+!5'fﬁ.’r'.‘r it follows
that 7;(s) — T;(s). 'The choice of a sufficiently small &, 1n
Algorithm 3 leads to |T;| | — w~', implying |[7}]|sc —
11 The rest of the proof follows from Corollary 2. O

VOLUME 11, 2025

Remark 12: Along with Assumption 7, some existing
results require additional assumptions in order o guar-
antee the solvability of the COR problem. For example,
the observer-based low-gain method [31] guarantees the
existence of a solution only when E; = 0, while the
approach [36] requires the agents to be right-invertible.
Furthermare, contrary to some existing works, the proposed
method does not impose any restrictions on the spectrum of
the matrix P,

Finally, for the sake of clarity and to avoid repetition,
we note that conclusions can be drawn in this section anal-
ogously to those presented in Remark 9.

VIi. SIMULATION RESULTS

A. EXAMPLE 1

Consider a nctwork consisting of a leader and six followers
with the following dynamics

. [o-1]  _ [10]
1—_] 0 vV, ¥p= 01 v,

e 2
lw: _a0l®

'.‘__:ﬂl . 1 0 _ 1 —1
K= 00 X+ 0 —1 ;i + —1 G w,

: ;
Y= (IJ ?:l X+ [3 [l)Jw. i=1,4;

(01 0 [ 0 -2 1
i=|100-1|xi+ |1 —-1|lwy+] 1 O |w
|00 0 01 0 -1
(170 01 ;
l\,— 011]\,‘4-{00]&) i=275;

1
360
1050 01 .
%= |y 1 I}r,-+ L}O}u. =36

The solutions of the regulator equations (6) for agents
i=1,4,i=2,5 and [ = 3, 6 are respectively:

rw

L N
I} =

o
r.r‘
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The network topology amang agents is described by

(’]1 -010 0 —01 0 —08
012 1 =012 0 =013 ©
o 1 0 0 0
T | =067 =033 0 1 0o 0
0 -08 0 0 1 —0.2
0 —033 0 0 =033 1

By setting i« = 1, for the network topology defined by C
we obtain y* = p(uf — £)~! = 1.51. Based on Theorems 1
and 2, in order Lo guarantee the stability of the MAS, the Ha
norms || 7;(s)|ac. fori=1, ..., N. must be smaller than 1*.

1) ROF PROTOCOL
The observer gains are calculated by solving ARE (25) in
Algorithm 2 for ¢; = 10 and §; = 0.1. The resulting observer

gams are.

_[19.17 999 —9.25 1.97 -5.32 618 1/ . _
Li= [—2.59 0,09 —9.30 4.91 —1.49 -10.94] ci=1.4,
I _[ 28.11 1548 —9.98 —2.01 10.58 —0.25 8.85 17 2.5
T L =16.60 11,01 0.32 348 —848 L1.25 —10.95 i
L= 507 148 036 -324 1088 460 204 W
= | —5.81 —6.55 4576 =2.40 2.41 =131 —=12.22 =iy

Then, the gain K;' for each agent is determined using
Algorithm 1, which is implemented in YALMIP, a MATLARB
optimization toolbox, For y; = 1.2, the following gains are
obtained:

_[—495 0607 :_ { .
= [ 40 256 1. i=1.4

— [P 38059 =2
=733 S50 —oisl- i=2.5,
_[-249-310 0007 i_3 &
—[1 19,35 —am ]+ §=H 0

In the final step, the gains K and K are calculated as K" =
MP—K'M?and K = 'Y =K1}, respectively. The resulting
Haoo norms are: | T = 1. 1dfori= 1,3, ||Ti| = |.12 for
. = L.15 for i = 3, 6. Since these norms
are smaller than ", we can conclude that the COR problem
1s sulved.

In Fig. 2. the output regulation errors of the agents under
the designed controller are shown. Tt can be seen that the
ROF protocol ensures tracking of the reference signal, even
in the presence of disturbance. Furthermore, in Fig. 3 the
oulpul trajectories are depicled, demonstrating that all oulputs
synchronize with the reference trajectory.

2) OF PROTOCOL

In the case of the OF protocol, by solving the ARE (39) in
Algorithm 3 for ¢; = 10 and §; = (0.1, we obtain the following
distributed observer gains:

L;"= =10 0

0 —10 _.1'= l......f\"',

Similarly, the gains of the local observer are obtained by
solving the ARE (38) for x; = 1, but their specific valucs
are not presented for the sake of brevity. For 3 = 1.2, the
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FIGURE 2. Qutput regulation errors of the followers under the ROF
protocol.
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FIGURE 3. Output trajectories of the followers (solid lines) and reference
trajectory (dashed line) under the ROF protacal.

Algorithm 1 gives the following controller gains:

£ P08 | o
Ki=1Z0s7 13 |- i=1.4
r _[0350470727 ;:_ A
K:' = J%qmﬂnq"]-’_“'s'
~0.55 =113 =007 ; _ -
=155 3796 o044 |» =36

The rumuining gains are determined as K = 'Y —KFTT¢ and
K!' =T} = KFTIY. As a result, we have: [|T;||, = 1.19 for
i=13 7Tl = 1.18, for i = 2, 5 and || T3]| . = 1.003 for
i = 3, 6. Since the resulting norms are smaller than y*,
we conclude that the COR problem is solved.

Figs. 4 and 5 show the output regulation errars and output
trajectories under the designed QI protocol. It can be seen
that the errors asymptotically converge to zero. while agent
outputs synchronize with the reference trajectory, indicating
success(ul output regulation.

B. EXAMPLE 2

In this example. we consider the MAS from Example 1 and
investigate the influence of various design parameters on
closed-loop performance for both the ROF and OF protocols,
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FIGURE 4. Output regulation errors of the followers under the OF
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FIGURE 5. Output trajectories of the followers (solid lines) and reference
trajectory (dashed line) under the OF protacol

In the first scenario, the parameter € is varied, while other
paramelers are the same as in the previous example. Fig. 6
shows the mean squared output rcgulati(m error for all agents,
which is calculated as MSE = & Zlﬁli ¥i- The figure
indicates that increasing €; enhances the performance of the
MAS. However, [ur ¢; = 10 and ¢; = 100, the difference in
performance is not too significant, meaning that the excessive
values for ¢; will not improve the performance substantially.
[l is important o note that by increasing €, the gains L,
(ROF) and 1. (OF) also increase, and for some high values
(e.g.. 10% in this example), the SOF algorithm will not be able
to provide a solution.

In the second scenario, the parameter §; is varied, while the
other parameters are kepl the same as in the previous example.
In the case of the ROF protocol. it was not possible to find K
using the SOF algorithm for 8; = 100. The resulting MSE
curves are depicted in Fig. 7. Notably, for the ROF protocol,
the outpul regulation errors decay at the fastest rate when
d;i = 0.1, while in the case of the OF protocols, the best
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performances are obtained for § = 0.01. Clearly, §; can be
used to adjust performance. but excessive values can lead to
performance deterioration.

C. EXAMPLE 3
In this example, we consider exosystems thal have poles with
strictly positive real parts to demonstrate that even when the
existence of a solution cannot be guaranteed in advance. the
proposed method still may solve the COR problem, as dis-
cussed in Remark 9. The exosyslem matrices are given by:
§= [V L]ad = [ 2 ] while the followers” model
and parameters of Algorithms 1-3 remain unchanged.

In the case of the ROF protocol, the following gains and
H e norms are obtained:

=[R2 0B, (Tillgep=1.18, #=1.4,
- 1“,1 G s L P LR =45
=[ 2 Teas A s Tikes =120, = 3,8,
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FIGURE 9. Qutput regulation error under the OF protocol in the case
when the exosystem matrices are unstable.

while in the case of the OF protocol we have:

7% —6.51 —L1.17 :
Kf=[2117 id | 1Tilleo = 112, i= 1,4,

cx [ 155 —0.47 —1.54 : 5
K =172 215 —sool WTille = 117, i=2,5,

: CHTHE
K> :[ 11.04 —7.98 0.54

o84 w720 598 )¢ NTillee = 1.10, i =3, 6.

Figures 8 and 9 show the output regulation errors of the
followers. It can be seen that, despite the instability of the
exosystem, the errors asymplotically converge to zero. The
oulpul trajectories are not shown as they exhibit exponential
growth.

Vil. CONCLUSION

In this paper, we have proposed a novel observer-based
approach for solving the COR problem for heterogencous
MASs. Two COR protocols have been presented, for nel-
works of non-introspective and networks of introspective
agents, respectively. The proposed protocols do not require
the exchange ol the controller states and thus reduce the com-
munication hurden, Furthermore, algorithms hased on Hao
SOF theory and ARE methods are provided for determining

81432

the controller gains, It has been proven that for a large class
of reference signals the solvability of the COR. problem can
be guaranteed in advance for: i) introspective agents with
arbitrary dynamics, ii) non-introspective agents with stable
dynamics.

The future work will be focused in two directions. The first
direction is extension of the proposed method to dynamically
switching networks as well achicving robust performance n
a presence of communication delays in the case of intro-
spective agents. The second direction is investigation of the
possibility of applying the proposed method to the leaderless
oulput synchronization problem and output synchronizalion
problem over signed graphs.
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A. Buorpadcku nogaum

emko Byposuh je pofeH 28.03.1964. rogune y lupoty. Ha EnektpotexHuukom dakyntety y
Georpaay je aunnomupao 1988. roguHe Ha Opcery 3a ayTomaTuky. Mcre roguHe je ynucao
marucrapcke cryavje Ha OpAcery 38 Meperbe M yrnpaB/barbe M MarvcTpupao je 1989. rogwuHe.
[Nokropcky auceptaumjy je ogbpanuno 1994. roauHe Ha Temy AdanmusHa u pobycHa ecmumayuja
CMarba CMOXacmuYKux cucmema, nog pykosogctsom npod. BpaHka Kosauesuha a, Takohe, Ha
EnexkTpoTexHuukom aryntety y Beorpaay.

HenocpeaHo HaKoH AMNNOMUparba NPOBEO jé HEKO BPeMe Kao PasBojHU UHKerep y Slabopatopuju
3a pagape npu UCTpasKMBaUKOM PasBojHOM MHCTUTYTy 3a TenekomyHukauuje (MPUTEN) y Beorpaay,
fasehn ce npobnemuma npaherwa BulWe NOKPETHUX UW/besa nomohy paagapckux cuctema. Ha
EnexTpoTexHnikom dakynteTy y beorpaay ce sanocnvo oktobpa 1988. roguHe y 3Barby acHCTEHT-
npunpasHuK. Kapujepy acucteHTa, a 3aTHM M J0LUEHTa je Ha uctom PaxkynTtety npekunyo 2000.
rOAWHE, Kafa je OTWUWAo Ha [pasHU TEXHWUYKKW yHWBepsuTeT y JlucaboHy, Ha nosuumjy nocr-
JfoKTopaHTa y UHCTUTYTY 3a cucTeme u poboTuky. Ha osom UHcTuTyTy ce 6aBro NpUMEHOM TeXHMKA
CTaTUCTMYKOT Npeno3HaBara obanka y uHAycTpuju. HakoH Tora, NpoBoaun Age roguHe y HOMMNAHUjK
Visteon gmbh, y Kenny, CaseaHa PenyBauKa Hemauka, Ha Mo3WUMjW CNEUMjanuCcTe 3a perynauujy.
Tokom cBor Bopaska y 0BOj Komnavwju ce Gasup passojem perynauuje 3a HVAC cucteme y
ayToMOB1MACKO] MHAYCTPU]W KOjU KOPUCTE YI/bEH-ANOKCMS, KA0 TEPMOAMHAMUYKA MEAN]YM.

Kpajem 2002. roguHe ce sBpaha Kao AoLeHT Ha EnekTpoTexHuuku dakynter y beorpaay, rae 2004.
roguHe 6Gusa BupaH 3a BaHpeaHor npodecopa a satum 2010. roguHe U 3a pefoBHOT npodecopa. ¥
nepuoay og 2002. go 2004. obae/ma ¢yHKUM]y NpogeKaHa 3a puHaHCWje W npeacesHuKa Caseta
dakynTeTa y nepuoay og 2012. ao 2018. roguHe. Y suwe HaspaTa je 61o wed Kateape 3a curHane u
cucteme, kao u wed Oaceka. Y Asa MaHaaTa je ob6asmwao dyHKumjy npeaceaHuka Komucuje aa ctyauje
npeor cTeneHa. YnaH je MatnuHor oabopa 3a eNeKTPOHUKY, TeIeKOMYHHKALM]Ee U PauyHapCRY TEXHUKY
npuv pecopHom MHWHHCTapCTBY.

Ha Kateapw 3a curnane w cucreme Ha EnekTpoTexHudkom dakyntety y beorpasy Apu HacTasy u3
fpyne npeamera BesaHWx 3a ynpae/barbe cuctemmma u obpagy curHana. PykosoaMo je BeAMKMAM
6pojem AMNAOMCKUX U MacTep paAoBa, 1 U3BEO je NeTHaecT AokTopaHaTa. OcHoBHe 0bnacTu erosor
UCTPAXMBAFbA Cy TEOPMja CTOXaCTUUKMX CUCTEMA, TeOPHja ECTUMALMJE M NPUMEHE, @ KOHKPETHO TO Cy
npofnemu y OKBMPY YynpaB/barba WHAYCTPUJCKMM NpOURCUMA, [ETeKuWja W u3onauuja oTKasa y
TEXHMYKUM CUCTEMMMa, pa3Boj u yHanpehere cuctema 3a npaherbe NOKPETHUXHMX Uu/besa U
cneumbuuHe TexHuke y obpaau curdana. NMpema Scopus 6asm, pasosu Mesmka hyposuha cy uMTHPaHH
909 nyTa 1 uMa h uHgeke 14,

b. Bubauorpadmja Hay4HUX U CTPYYHUX pagosa y nepuoay 2015-2024,
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35. Predrag Vasilié, Sanja Vujnovié, A. Marjanovi¢, Nikola Popovic, Z. Burovié, , On the Performance of
the PHD Filter, 6th International Conference on Electrical, Electronic and Computing Engineering
IcCETRAN 2019, Srebrno jezero, Serbia, 2019,

36. P. landri¢, U. Rakonjac, Z. Purovié, A. Marjanavi¢, S. Vujnovi¢, Raspberry Pl Based Sound
Acquisition Platform for Machine State Estimation, ICETRAN 2020, ISBN 978-86-7466-852-8.

37. S. Vujnovic, Z. Djurovic, A. Marjanovic, Z. Ze€evi¢, M. Micev, State Detection of Rotary Actuators
Using Wavelet Transform and Neural Networks, XXIll medunarodna naugno-stru¢na konferencija
Informacione Tehnologije (IT°20), Zabljak, Crna Gora, 2020, ISBN 978-9940-8707-0-6

38. U, Rakonjac, P. Jandri¢, S. Vujnovié, A. Marjanovié, Z. Burovi¢, One Realization of an Industrial
Device for Machine State Estimation, 25th International Conference on Information Technology (IT),
Zabljak, Crna Gora, 2021, ISBN 978-1-7281-9103-4.

39. S. Vujnovi¢, A. Marjanovi¢, Z. Burovi¢, Acoustic Signal Denoising Based on Robust Principal
Component Analysis, ETIMA 2021, ISBN 978-608-244-823-7.

40. A. Marjanovié, S. Vujnovic, Z. Burovi¢, Hough Transform in Visual Product Quality Control, IcETRAN

41. A. Krsti¢, S. Vujnovié, Z. Burovié, Valley seeking clustering based on graph theory, ICETRAN 2023,
Istoéno Sarajevo, Bosna i Hercegovina. ISBN: 978-86-7466-970-9

42. Lj. Mijajilovi¢, Z. Burovi¢, Probability of Detection, False Alarm Density Estimation in Target
Tracking Systems, ICETRAN 2023, Istocno Sarajevo, Bosna i Hercegovina. ISBN: 978-86-7466-970-9

43. lvana Halfpap, Z. Burovi¢, Comparative analysis of pretrained deep neural networks for anomalies
detection, ICETRAN 2023, Istofno Sarajevo, Bosna i Hercegovina. ISBN: 978-86-7466-970-9
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Ha ociosy wn, 63, or. 2. Jakons O BUCOKOM uﬁpumaaa.y ("Caymbenn raachnx PC”, Gpoj
7605, 97708 u 100/07-ayrenrnado Tymaueme), an, 41, . Ta. 23 u an. 42, o1, 4. Cranyma
Vygusepinrera v Beorpauay (“Tanenur Yuupepurera ¥ Seo: pany”, Gpoj 131/06, 140/08, 143708 u
13G/09), an. 25, er. bowoer. 2.otaen 1. Flpasrasuea 0 HRYHRY H H0CTYNKY CTHEAILA 30aibA ¥ 38CHRBAA
padHOl DAHOCA MAcTaBHMka Ynasepaureta v Beorpagy (“Pnacuur Ynusepsurera y beorpamy™, Gpoj
142°08) o Kpurepifysan sa crnuaine suang docrapiinka aa Yousepsurery y Beorpany (“Tmachuk
Vuusepsurera v beorpany”. Opoj 140/08), o wa npeanor Madopuor seha Eaexrporexsinuxor
dGarvarera, Gpoj: 14844 oa 05.10.2009. roawne, ¥ suuvsemka Belia nayiunnx obnacti TEXHHUKHX
waykis, Opoj: 01 1-612-25/186/09 ca cegnnue oz 20.11.2009, rogune, Cenar YRuBep3uTera, na ceamnnun
oapsano] 19, janvapa 2010, rogutte, aoteo je

QAAYKY

BHPA CE npod. ap Weako hyposnh v ssaipe peaosior npogiecopa va Yeupepaurery ¥
Bearpuy — EneRrpoTexuuukn Gaky arer, 1 YRy Hayuiy obact AYTOMATHRR.
Doparsowmene

Enewrporexamna garyirer je mana 08, jyaa 2009, romuue, y nuery allociosiy, ofjasso
KoHEVPC 33 nabop vy asame perosuor ppodecopa, 30 vy sayuny obnacr Avrosmaraka, s6or norpeda
hakyviaTers,

Fspewral Kosucuje o npunpesy misciirajo ¢ NpHjaBLeHEM KRILLILITHMG CTagbel je Ha
yaua anocri quna 03, cerrremGpa 2009, ronuue npexo Gulauorere Gakyirrera,

Hia vcrowy npesaora Komncnje sa opappesy WIBemiaja O DpHjaBseins KaHauarima,
Hdapno sefie harynrera, va cexnmun oppamie) ausa 22, correnGpa 2009, rojmne, A08en0 je oiayRy
a veaphippamky gpeaiora fda ce kananaar ap Kesko Byponuh iwaGepe ¥ 1iathe perosior apodecopa,

Enesvporexnnuky daryiarer je mana 06 oxrodpa 2009.roanue aocrapno Yuuseparery
WOMANSTEH 1aXTeH 30 lﬂﬁ‘ﬂp ¥ OABIG HA BpGITHCEHEM 061}3(‘[2!! M.

Yiupepaarer je Komonerhy nokysentausiy kojv je nocrasmo fakynarer ¢rabuo #a web
crpaduuy Yuusepsirera gada 13, nosemBpa 2009, ronune.

Behe nayupnx ofaacTi TeNHRYERY HAVES, HA ceniHuny oapwano] nava 20. nopemGpa 2009,
FeaMHe 2400 je simpbene aa e npod. ap Kemko Byposnh mome maabparn ¥ asaine peavesoer
fnpodieccopn.

Cenar Yausepanteta, Ha cemsti oapsiana aana 19, janyapa 2010, romme passrpao je
saxTes Eaekrporexnnicor akyImers 0 YIBpo i EaHanagy ummazsa 3 joBe nponicane wi. 64, 1
63, Juroua o pncokom obpazosamsy 1 waasonm 1200 Craryra &’ rpay. na je zouera
QLYK KA Y HADSIIL. v

Hdocrapuyy:
Masyirrery (2}
Cexropy U6

- apxisn Yispepaurera



Prof. dr BoZo Krstaji¢. redovni profesor UCG

e Kratka biografija

Roden sam 7. aprila 1968. god. u Zabljaku, gdje sam zavrSio osnovnu Skolu i prva
dva razreda srednjeg usmjerenog obrazovanja. Srednju Skolu sam zavrSio u gimnaziji
“Slobodan Skerovi¢” u Podgorici.Na Elektrotehni¢kom fakultetu u Podgorici sam diplomirao
marta 1992. godine sa prosjeénom ocjenom 9,87, a diplomski rad "YAMABICO - upravijanje
mobilnim robotom” sam odbranio sa ocjenom 10. Dobitnik sam studentske nagrade “19.
decembar’ i Plakete Univerziteta kao najbolji student Univerziteta 1991. god. Postdiplomske
studije sam upisao na istom fakultetu 1992. godine, na Odsjeku robotike i vjestacke
inteligencije. Ispite na postdiplomskim studijama sam poloZio sa prosjecnom ocjenom 10, a
magistarski rad pod nazivom "Modifikovani adaptivni LMS algoritmi" sam odbranio 1396.
godine. Doktorsku disertaciju, pod nazivom “Novi pristup LMS adaptivnom algoritmu sa
promjenljivim korakom”, odbranio sam 20. 12. 2002. godine na Elektrotehni¢kom fakultetu u
Podgorici.

U zvanje docenta sam izabran 09.07.2003. godine, u zvanje vanrednog profesora
02.10.2008. godine, a zvanje redovnog profesora 19.12.2013. godine na Univerzitetu Crne
Gore.

Autor sam ili koautor dvije monografije, viSe udZbenika za osnovnu Skolu iz oblasti
informatike i viSe autorizovanih skripti za potrebe nastave na predmetima na kojima je
angazovan. Do sada sam objavio preko 150 nauénih i stru¢nih radovan u asopisima i na
konferencijama. Pod mojim mentorstvom su uspjedno zavrSena: 4 doktorska, 15
magistarskih i preko 150 diplomskih i specijalistickih radova. Recenzirao sam vise naucnih
radova u istaknutim svjetskim &asopisima iz oblasti adaptivnih algoritama i racunarskih
sistema.

Koordinirao sam i udestvovao u vise znacéajnih evropskih projekata kao predstavnik
Univerziteta Crne Gore, a koje finansira Evropska unija u okviru FP&, FP7, TEMPUS, IPA,
EUREKA | H2020 programa (SEEREN2, SEE-GRID2, SEE-GRID-SCI, SEERA-EI, GEANTS,
NQF&QHE, GEANT3+, HPSEE, EGI-Inspire, DL@WEB, RINGINDEA, FORSEE,
CONGRAD, GN4, VI-SEEM, FASTER i NI40S). Angazovan sam od strane viSe kompanija i
institucija u Crnoj Gori i van nje kao struéni ICT konsultant, projektant ili ekspert, te sam
projektovao, nadzirao i realizovao vi§e znacajnih struénih projekata. Od strane sudova u
Crnoj Gori sam angaZovan kao sudski vjestak za oblast ICT-a. Bio sam preko 12 godina
direktor Centra informacionog sistema UCG-a.

Predsjednik sam organizacionog i programskog odbora domaceg naucno-strucnog
skupa »INFORMACIONE TEHNOLOGIJE« koja se veé 25 godine organizuje i editor sam
zadnjih 11 zbornika ove konferencije. Takodje, €Elan sam programskih odbora tri
medunarodne konferencije: “Balkan Conference in Informatics, “RoEduNet Conference:
Networking in Education and Research” i ,ETIMA 2021” kao i ¢lan Predsjednistva drustva
ETRAN. Clan sam medunarodne asacijacije elektro inZenjera — IEEE, inZenjerske komore
Crme Gore, Internet zajednice 1SOC i Ubuntu zajednice Crne Gore. Menadzer sam
nacionalnog .me domena (ccTLD manager).Pokretat sam MREN-a (Montenegrin Research
and Education Network) i MIXP-a (Montenegro Internet eXchange Paint) i ¢lan njihovih
odbora.

Govorim engleski jezik, a sluzim se i ruskim jezikom.

e Radovi iz oblasti objavljeni u ¢asopisima sa SCI liste u zadnjih 10 godina:

1. L. Martinovi¢, Z. Zedevi¢ & B. Krstajié, “Distributed Observer Approach to
Cooperative Output Regulation of Multi-Agent Systems Without Exchange of



Controller States”, IEEE Access, Vol. 11, Pages: 81419 — 81433, 2023, Online ISSN:
2169-3536, DOI: 10.1109/ACCESS.2023.3300806

2. L. Martinovié, Z. Zecevié & B. Krstaji¢, "“Output containment control in heterogeneous
multi-agent systems without exchange of controller states”, European Journal of
Control, Available online 10 August 2023, 100889, ISSN: 0947-3580,
https://doi.org/10.1016/j.ejcon.2023.100889

3. L. Martinovi¢, Z. Zeéevié & B. Krstajié¢, "Cooperative tracking control of single-
integrator multi-agent systems with multiple leaders”, European Journal of Control,
Vol. 83, 2022, Pages 232-239, ISSN: 0947-3580,
https://doi.org/10.1016/j.ejcon.2021.11.003

4. Z. Zecevic, B. Krstajic, “Dynamic Harmonic Phasor Estimation by Adaptive Taylor-
Based Bandpass Filter”, IEEE Transactions on Instrumentation and Measurement,
Print ISSN: 0018-9456 Online ISSN: 1557-9662, DOI: 10.1109/TIM.2020.3016708

5. M. Radulovi¢, Z. Ze&evié and B. Krstaji¢, ,Dynamic Phasor Estimation by Symmetric
Taylor Weighted Least Square Filter*, IEEE Transactions on Power Delivery, ISSN:
0885-8977, Volume 35, Issue:2, April 2020, Pages 828-836, DOI:
10.1109/TPWRD.2019.2929246

6. T. Popovié, N. Latinovié, A. Pedié, Z. ZeEevi¢, B. Krstaji¢ and S. Djukanovic,
,Architecting an loT-enabled platform for precision agriculture and ecological
monitoring: A case study”, Computers and Electronics in Agriculture, Volume 140,
August 2017, Pages 255-265, ISSN: 0168-1699,

7. Z. ZeGevié , B. Krstaji¢ and T. Popovié, , Improved Frequency Estimation in
Unbalanced Three-Phase Power System Using Coupled Orthogonal Constant
Modulus Algorithm”, IEEE Transactions on Power Delivery, Vol. PP, issue 99, June
2016, Print ISSN: 0885-8977, Online ISSN: 1937-4208 (DOI:
10.1109/TPWRD.20186.2586106)

8. L. Filipovié and B. Krstaji¢, , Combined load balancing algorithm in distributed
computing environment “, Information technology and Control (ITC), Vol 45, No. 3,
2016., pp. 261 - 266, Print ISSN: 1392-124X, Online ISSN: 2335-884X. (DOL:
http://dx.doi.org/10.5755/j01.itc.45.3.13084)

9. L. Filipovié, D. Mrdak and B. Krstajic, ,Performance evaluation of parallel DNA
multigene sequence analysis“, Comptes rendus de I'Académie bulgare des sciences,
Vol 69, No. 4, 2016. pp.489-496. Print ISSN 1310-1331, Online ISSN 2367-5535.
hitp://www.proceedings.bas.bg/)

10.Z. ZeCevié , B. Krstajié and M. Radulovi¢, ,Frequency-domain adaptive algorithm for
improving the active noise control performance®, IET Signal Processing, Volume 9,
Issue 4, June 2015, p. 349 — 356 DOI: 10.1049/iet-spr.2014.0182, Print ISSN
1751-9675, Online ISSN 1751-9683.

11.Z. Zeéevié , B. Krstajié and M. Radulovi¢, ,A new adaptive algorithm for improving the
ANC system performance’, AEU-INTERNATIONAL JOURNAL OF ELECTRONICS
AND COMMUNICATIONS, DOI: 10.1016/j.aeue.2014.11.002, (ISSN:1434-8411),
publikovan online 11/2014., Elsevier

12.S. Duli, B. Krstajic, “Parallel Implementation of the Weibull Distribution Parameters
Estimator”, The Journal of Environmental Protection and Ecology (JEPE), ISSN 1311-
5065, Vol.15, No 1., pp 287 — 293, 2014 (http://www.jepe-journal.info/vol15-no-1-
2014). SciBulCom Ltd

13.T. Popovié, M. Kezunovié and B. Krstaji¢, »Implementation requirements for
automated fault data analytics in power systems ", INTERNATIONAL
TRANSACTIONS ON ELECTRICAL ENERGY SYSTEMS, DOI: 10.1002/etep.1872,
(ISSN: 2050-7038), publikovan online 2014., Wiley
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Prof. dr Zarko Ze&evié
Elektrotehnicki fakultet
Univerzitet Crne Gore

BIOGRAFIJA

Zarko Zetevit je roden 01.01.1989. godine u NikSi¢u, gdje je zavr§io osnovnu Skolu i
gimnaziju. Za postignute rezultate u toku Skolovanja je nagraden diplomom ,Luga®.
Elektrotehnic¢ki fakultet u Podgorici je upisao 2007. godine. Osnovne studije na odsjeku za
Elektroniku, Telekomunikacije i Raunare je zavr§io u junu 2010. godine sa prosje¢nom
ocjenom 9,56. Specijalistitke studije je zavrsio u junu 2011. godine sa prosjeénom ocjenom
10,00. Tokom studija je dva puta nagradivan od strane fakullcta nagradom za najbolje studente
u prethodnoj $kolskoj godini, i jednom od strane Univerziteta Crne Gore nagradom za najboljeg
studenta Clektrotehnitkog fakulteta 2007. godine.

Magistarske studije na Elektrotehni¢kom fakultetu u Podgorici, smjer Radunari, je upisao 2011.
godine, a zavr§io ih 2012. godine sa prosje¢nom ocjenom 10,00. Magistarski rad pod nazivom
“Poboljianje performansi FxXLMS-a u uslovima bijelog Suma” je odbranio 29.10.2012. Na
istom fakultetu je upisao doktorske studije 2012. godine, iz oblasti istraZivanja Automatika.
Doktorsku tezu pod nazivom “Predlog novog adaptivnog algoritma za poboljSanje performansi
ANC sistema” je odbranio 05.10.2015. godine.

Kao saradnik u nastavi na Elektrotehni¢kom fakultetu u Podgorici je anagaZovan od decembra
2010. godine, u zvanje docenta je izabran u decembru 2016. godine, dok je u zvanje vanrednog
profesora izabran u decembru 2021, godine.

Recenzent je u brojnim medunarodnim nauénim asopisima, medu kojima su €asopisi: IEEE
Transactions on Systems, Man, and Cybernetics: Systems, IEEE Access, International Journal
of Adaptive Control and Signal Processing, itd.

Objavio je preko 60 nauénih radova u &asopisima i na konferencijama, od Cega 14 radova u
renomiranim svjctskim &asopisima sa SCI/SCIE liste. U toku dosada3njeg rada je ucestvovao
u realizaciji vise medunarodnih nauénoistrazivagkih projekata koje finansira Evropska unija u
okviru TPA, EUREKA, Horizon 2020 i Horizon Europe programa (MONUSEN, NI40S, VI-
SEEM, FASTER, MARBLE). Pod njegovim mentorstvom odbranjeno je viSe magistarskih i
specijalistiékih radova. Koautor je dva nacionalna patenta.

Clan je organizacionog odbora domaéeg naucno-struénog skupa ,Informacione Tehnologije®.
Takode je &lan IEEE — medunarodnog udruZenja inZenjera elcktrotehnike.
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val. 75, 2024, 100889, ISSN 0947-3580, https://doi.org/10.1016/j.ejcon.2023.100889.

[2] L. Martinovic, Z. Zetevié and B. Krstaji¢, "Distributed Observer Approach to Cooperative
Output Regulation of Multi-Agent Systems Without Exchange of Controller States," in
IEEE Access, vol. 11, pp. 81419-81433, 2023, doi: 10.1109/ACCESS.2023.3300806.

[3] L. Martinovié, Z. Zetevié, Bozo Krstaji¢, "Cooperative tracking control of single-
integrator multi-agent systems with multiple leaders”, European Journal of Control, vo. 63,
pp. 232-239, 2022, hitps://doi.org/10.1016/j.ejcon.2021.11.003.
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https://doi.org/10.3390/electronics111015535.
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ISSN 0168-1699, https://doi.org/10.1016/j.compag.2017.06.008.

[12] Z. Zekevié, B. Krstaji¢, M. Radulovié, “Frequency-domain adaptive algorithm for
improving the active noise control performance™, IET Signal Process., vo. 9, pp. 349-356,
20135, https://doi.org/10.1049/iet-spr.2014.0182.

[13] Z. Zetevié, B. Krstaji¢, M. Radulovi¢, ,,A ncw adaptive algorithm for improving the
ANC system performance”, AEU - International Journal of Electronics and
Communications, vo. 69, Issue 1, pp. 442-448, 2015.

[14] B. Krstajié, 7. Zetevié, 7. Uskokovié, ,Increasing convergence speed of FXLMS
algorithm in white noise environment“, AEU - International Journal of Electronics and
Communications, VO. 67, Issue 10, pp- 848-853, 2013,
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